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We show that covert secret key expansion is possible using a public authenticated classical channel
and a quantum channel largely under control of an adversary, which we precisely define. We also
prove a converse result showing that, under the golden standard of quantum key distribution by
which the adversary completely controls the quantum channel, no covert key generation is possible.
We propose a protocol based on pulse-position modulation and multi-level coding that allows one to
use traditional quantum key distribution (QKD) protocols while ensuring covertness, in the sense
that no statistical test by the adversary can detect the presence of communication better than
a random guess. When run over a bosonic channel, our protocol can leverage existing discrete-
modulated continuous variable protocols. Since existing techniques to bound Eve’s information do
not directly apply, we develop a new bound that results in positive throughput for a range of channel
parameters.
I. INTRODUCTION
The combination of quantum mechanics and informa-
tion theory has led to several intriguing applications. In
particular, there have been significant advances in QKD,
which has now been successfully implemented and de-
ployed in the field [1]. QKD finds its foundations in
two pioneering papers [2, 3], which discovered that non-
classical signaling allows two parties (Alice and Bob) to
exploit the laws of quantum mechanics and bound the
information leaked to any adversary (Eve); when com-
bined with classical information-theoretic tools, such as
information reconciliation and privacy amplification, this
observation can lead to protocols for the distillation of se-
cure key bits. The security proofs of QKD have evolved
from considering simple attacks, in which Eve could only
perform a measurement on each transmitted signal and
send another state to Bob, to accounting for all attacks
that could be described in the framework of quantum me-
chanics, known as coherent attacks [4]; recent proofs even
consider an adversary who tampers with the legitimate
users’ measurement devices [5].
Although QKD ensures the confidentiality of the gen-
erated keys in an extremely strong sense, Alice and Bob
might desire other security features. One such feature
that has recently attracted attention is covertness [6–
8], i.e., the ability to prevent an adversary from distin-
guishing whether a communication protocol is running
or not from its observations. For memory-less classical
and classical-quantum (cq) channels, over which Alice
aims at sending a message, a square root law has been
established [6, 9] and states that the optimal number of
bits that can be reliably and covertly transmitted scales
as the square root of the number of channel uses. This
contrasts with the limits of confidential communication,
for which a linear scaling is feasible. The main intuition
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behind the square root law is that the central limit the-
orem ensures the presence of statistical uncertainty in
Eve’s observations, on the order of the square root of
the number of channel uses, in which the transmitter can
hide its signals.
The first attempts at covert QKD [10, 11] have ensured
covertness with fully coordinated protocols, in which
information-bearing qubits are only transmitted over a
secret random subset of channel uses upon which Alice
and Bob secretly agree prior to communication; in the
remaining channel uses Alice transmits an “idle” state
corresponding to no communication. If n denotes the
total number of channel uses and t denotes the number
of channel uses over which transmission happens, fully
coordinated protocols [10, 11] require t = Θ(
√
n) to gen-
erate Ω(
√
n) bits of secret key. Although the processing
complexity is identical to that of standard QKD proto-
cols, fully coordinated protocols require Alice and Bob to
share log
(
n
t
)
= Θ(
√
n log n) secret bits prior to commu-
nication, so that the number of required key bit asymp-
totically dominates the number of generated bits.
To circumvent the impossibility of key expansion with
fully coordinated protocol, we have recently proposed [12]
to achieve covertness with an uncoordinated protocol
based on the use of “sparse signaling” for quantum state
distribution. If αn , O(n−
1
2 ) and if PX denotes the
Bernoulli(αn) distribution, Alice generates an i.i.d. se-
quence Xn = (X1, · · · , Xn) according to P ⊗nX , which is
then modulated by mapping zero to the idle state and one
to another state. A technical subtlety, however, prevents
Alice and Bob from performing classical information rec-
onciliation and privacy amplification to obtain a secret
key from their shared quantum states. While the asymp-
totic key rate is O(n−
1
2 ) by the square root law, the finite
length penalty of privacy amplification is of the order of
ω(n−
1
2 ) [13], which dominates the asymptotic rate. For
a known adversary’s attack, our uncoordinated protocol
circumvents this difficulty and ensures secret-key expan-
sion using a likelihood encoder [12] but the classical post-
processing of the protocol is much more complex than for
typical QKD protocols.
To reap the benefits of both fully coordinated and
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2uncoordinated protocols and achieve secret key expan-
sion without increasing processing complexity, we de-
velop here a partially coordinated protocol inspired by
our prior construction of low-complexity codes for covert
communication over classical channels with PPM and
MLC [14]. This approach is more aligned with tradi-
tional low-complexity information reconciliation and pri-
vacy amplification algorithms and we analyze the covert-
ness and the security under an unknown attack by the
adversary. We restrict, however, the adversary’s control
of the channel by requiring that a portion of the channel
be out of the adversary’s control (e.g., the part of channel
in Alice’s laboratory). We prove that such a requirement
is fundamentally necessary to establish any covertness re-
sult. We also point out that we were not able to use any
standard technique to bound Eve’s information. Accord-
ingly, we present a new bound, by which we could in our
security analysis achieve positive throughputs for some
range of bosonic channel parameters. While our results
are slightly disappointing in that this range of useful pa-
rameters is limited, they open the way to experimental
demonstrations of covert QKD.
II. NOTATION
A system (e.g. A) is described by a finite-dimensional
Hilbert space (e.g. HA). Let 1A be the identity map
on HA and ρunifA , 1AdimHA , where dimHA is the dimen-
sion of HA. B(HA) denotes the set of all bounded lin-
ear operators from HA to HA, P(HA) denotes the set
of all positive operators in B(HA), and D(HA) denotes
the set of all density operators on HA. For X ∈ B(HA),
the trace norm of X is ‖X‖
1
, tr (
√
X†X), and ν(X)
denotes the number of distinct eigenvalues of X. We re-
call the definition of the von Neumann entropic quan-
tities H(ρA) , H(A)ρ , −tr (ρA log ρA), H(A|B)ρ ,
H(AB)ρ − H(B)ρ, and I(A;B)ρ , H(A)ρ − H(A|B)ρ.
The fidelity between two density operators ρA and σA is
defined as F (ρA, σA) , ‖√ρA√σA‖21. We further define
C(ρA, σA) ,
√
1− F (ρA, σA), which satisfies the trian-
gle inequality. A quantum channel NA→B is a linear
trace-preserving completely positive map from B(HA) to
B(HB). Let idA be the identity channel on B(HA). For
two states ρ and σ, we define
χ2 (ρ‖σ) ,
{
tr
(
ρ2σ−1
)− 1 if supp(ρ) ⊂ supp(σ),
∞ otherwise.
(1)
For a non-empty finite set X , let HX be a Hilbert space
defined by an orthonormal basis {|x〉 : x ∈ X}. For a
function f : X → Y, we define the channel
EfX→Y : B(HX)→ B(HY )
ρX 7→
∑
x∈X
|f(x)〉〈x|ρX |x〉〈f(x)|. (2)
III. COVERT QKD SETUP
Alice and Bob aim at covertly expanding a secret key
in the following manner. Let RA and RB be Alice’s and
Bob’s local randomness, respectively, and let R be a se-
cret common randomness. As depicted in Figure 1, Alice
has a transmitter in her lab to send quantum states to
Bob. At any time instant, the state of the transmitter is
described by a density operator on a Hilbert space HQ.
A pure state |0〉〈0| identifies the “idle” state of the trans-
mitter when there is no communication [15]. Alice pre-
pares a quantum state σ˜AQn = trRRARB (σ˜RRARBAQn)
and sends σ˜Qn to Bob by n uses of her transmitter. The
adversary Eve is assumed to receive the state through
a known memoryless quantum channel, which we call
probe, EQ→Q that is outside its control. Eve therefore
obtains the output of E⊗nQ→Q for the input σ˜Qn , which
then interacts with an ancilla En in Eve’s lab before be-
ing transmitted to Bob. The whole operation can be de-
scribed by an isometry UQn→QnEn , for which we denote
the corresponding quantum channel by UQn→QnEn . We
call this phase quantum state distribution, which results
in the joint quantum state
σAQnEn ,
(idRRARBA ⊗ UQn→QnEn ◦ E⊗nQ→Q)(σ˜RRARBAQn) (3)
between Alice, Bob, and Eve, respectively. After estab-
lishing a shared quantum state, Alice and Bob interac-
tively communicate over an authenticated classical pub-
lic channel and perform measurements on their available
state to generate keys SA and SB , respectively. We call
this phase quantum key distillation and formally describe
it by a quantum channel DRARBRAQn→CSASB , where C
denotes all public communication. The final state is then
σCSASBEn ,
(idEn ⊗DRARBRAQn→CSASB )(σRRARBAQn). (4)
Furthermore, we assume that, in the absence of an ad-
versary, Alice and Bob expect to be connected through
the “honest” channel NQ→Q after the probe. Alice and
Bob can also abort the protocol at any time and do not
generate secret keys. For a particular protocol inducing
the final joint state σCSASBEn , we assess the performance
of the protocol with the following three quantities:
1. probability of error P(SA 6= SB |not abort);
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Figure 1. Covert quantum key expansion model
32. information leakage
∥∥σSAEnC − ρunifSA ⊗ σEnC∥∥1;
3. covertness
∥∥σCEn − ρunifC ⊗ ρ0En∥∥1, where ρ0En ,
UQn→En(E⊗nQ→Q(|0〉〈0|⊗n)); and
4. robustness P(abort) in the presence of the honest
channel NQ→Q.
We highlight here three crucial distinctions between
our model and traditional QKD.
1. As covertness is of no concern in QKD, the idle state
of the transmitter is not specified in a QKD model.
2. Unlike QKD, in which the quantum channel is in com-
plete control of the adversary, we restrict Eve’s ob-
servations to result from a known probe EQ→Q. We
discuss this limit on our result in Section IV.
3. Our covertness metric
∥∥σCEn − ρunifC ⊗ ρ0En∥∥1 not
only imposes a negligible dependence between public
communication and σEn but also requires that pub-
lic communication be distributed according to a pre-
specified distribution, which we choose as the uniform
distribution ρunifC for simplicity. These two require-
ments are critical to ensure that public communication
does not help Eve detect the communication.
IV. ROLE OF THE PROBE
We establish here a no-go result in the absence of the
warden’s probe and for a relaxed secrecy and covertness
constraint.
Theorem 1. Let EQ→Q = idQ and define K ,
log dimHSA . Consider a protocol that operates as in Sec-
tion III with P(SA 6= SB) 6 ,
∥∥σSAC − ρunifSA ⊗ σC∥∥1 6
δ, and
∥∥σ˜Qn − |0〉〈0|⊗n∥∥1 6 µ. We then have
(1− 5√µ− − 2δ)K 6 2δ log dimHC +Hb (√µ)
+Hb (+
√
µ) + 2 (1 +
√
µ)Hb
( √
µ
1 +
√
µ
)
. (5)
Proof. See Appendix A.
Consequently, if , δ, µ→ 0, K vanishes, as well. Theo-
rem 1 therefore shows that giving the complete control of
the channel to the adversary is too stringent to establish
covertness. A probe is therefore necessary and could by
created with some part of the channel that is protected
from the adversary, for example the portion of an optical
fiber that lies inside Alice’s lab.
V. PROTOCOL DESCRIPTION
We first provide a high level description of the role of
PPM and MLC in our protocol. The principle of PPM
d
e Qn
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V2
<latexit sha1_base64="iKlCQZxzICOKlsWlGa 7JIIsWWe0=">AAACk3icnVFLbxNBDJ4srxJeLYgTlxURUg9VdjcgtRKXCjhwAKmIJo2URpHX8SajzmM1 40UJq/4ErvDb+DfMbnKgLScsjfXJ9md7Puelkp7T9HcnunX7zt17O/e7Dx4+evxkd+/pyNvKIQ3RKuvG OXhS0tCQJSsal45A54rO8ov3Tf7sGzkvrTnldUlTDQsjC4nAIfR1NBvMdntpP20tvgmyLeiJrZ3M9jrf z+cWK02GUYH3kywteVqDY4mKLrvnlacS8AIWNAnQgCY/rdtdL+NXITKPC+vCMxy30b8ZNWjv1zoPlRp4 6a/nmuCBZw1u7eb/KppUXBxNa2nKisngZmJRqZht3CgQz6UjZLUOANDJsHSMS3CAHHS6Mq7pXbJeHSwc lEuJq/C3tm+dDH0oToLMFpfJJzilccK0ShQ0HhxavfEzY7mVuh8S/0EvKoMN3W/43XCt7PptboLRoJ+9 7g++vOkd72/vtiNeiJdiX2TiUByLj+JEDAWKhfghfopf0fPobfQu+rApjTpbzjNxxaLPfwBGnsvc</la texit>
V`
<latexit sha1_base64="2euLtkphi8kcPT3H1Jl34tLDuX4=">AAAClnicnVFLbxNBDJ4srxJeLVyQ uKyIkHqosrsFCU6oEkJw4BCkJo2URJHX8SbTzmM140UJq/4HrvDP+DfMbnKgLScsjfXJ9md7Puelkp7T9HcnunX7zt17e/e7Dx4+evxk/+DpyNvKIQ3RKuvGOXhS0tCQJSsal45A54rO8osPTf7sGzkvrTnlTUkz DUsjC4nAITQazaek1Hy/l/bT1uKbINuBntjZYH7Q+T5dWKw0GUYF3k+ytORZDY4lKrrsTitPJeAFLGkSoAFNfla3617Gr0JkERfWhWc4bqN/M2rQ3m90Hio18MpfzzXBI88a3MYt/lU0qbh4N6ulKSsmg9uJRaVi tnEjQryQjpDVJgBAJ8PSMa7AAXKQ6sq4pnfJen20dFCuJK7D39q+dTL0oTgJSltcJV/glMYJ0zpR0HhwaPXWz43lVu1+SPwHvagMNnS/5XfDtbLrt7kJRsf97HX/+Oub3snh7m574oV4KQ5FJt6KE/FZDMRQoDgX P8RP8St6Hr2PPkaftqVRZ8d5Jq5YNPgDyQjNYQ==</latexit>
X`
<latexit sha1_base64="PLYE9ptSRH7nFpLVgbNRvRc35+U=">AAAClnicnVFLbxNBDJ4srxJeLVyQ uKyIkHqosrsFCU6oEkJw4BCkJo2URJHX8SbTzmM140UJq/4HrvDP+DfMbnKgLScsjfXJ9md7Puelkp7T9HcnunX7zt17e/e7Dx4+evxk/+DpyNvKIQ3RKuvGOXhS0tCQJSsal45A54rO8osPTf7sGzkvrTnlTUkz DUsjC4nAITQaz6ek1Hy/l/bT1uKbINuBntjZYH7Q+T5dWKw0GUYF3k+ytORZDY4lKrrsTitPJeAFLGkSoAFNfla3617Gr0JkERfWhWc4bqN/M2rQ3m90Hio18MpfzzXBI88a3MYt/lU0qbh4N6ulKSsmg9uJRaVi tnEjQryQjpDVJgBAJ8PSMa7AAXKQ6sq4pnfJen20dFCuJK7D39q+dTL0oTgJSltcJV/glMYJ0zpR0HhwaPXWz43lVu1+SPwHvagMNnS/5XfDtbLrt7kJRsf97HX/+Oub3snh7m574oV4KQ5FJt6KE/FZDMRQoDgX P8RP8St6Hr2PPkaftqVRZ8d5Jq5YNPgDzWzNYw==</latexit>
X2
<latexit sha1_base64="D4jEU/aRk9bAx83LUn +8S9l8r1I=">AAACk3icnVFLbxNBDJ4sj5bwakGcuKyIkHqosruhEkhcqsKBA0hFNG2kNIq8jjcZdR6r GS9KuupP4Aq/jX/D7CYH2nLC0lifbH+253NeKuk5TX93ojt3793f2n7Qffjo8ZOnO7vPTr2tHNIQrbJu lIMnJQ0NWbKiUekIdK7oLL/40OTPvpPz0poTXpU00TA3spAIHELfRtPBdKeX9tPW4tsg24Ce2NjxdLdz eT6zWGkyjAq8H2dpyZMaHEtUdNU9rzyVgBcwp3GABjT5Sd3uehW/DpFZXFgXnuG4jf7NqEF7v9J5qNTA C38z1wT3PWtwKzf7V9G44uLdpJamrJgMricWlYrZxo0C8Uw6QlarAACdDEvHuAAHyEGna+Oa3iXr5f7c QbmQuAx/a/vWydCH4iTIbHGRfIYTGiVMy0RB48Gh1Ws/NZZbqfsh8R/0ojLY0P2a3w3Xym7e5jY4HfSz N/3B14Pe4d7mbtvipXgl9kQm3opD8Ukci6FAMRc/xE/xK3oRvY+Ooo/r0qiz4TwX1yz68gdK/Mve</la texit>
|0i
<latexit sha1_base64="6+PI+2zjmy0/mB3uqo 38h+2XwA8=">AAACl3icnVFLSyNBEO7MvjT7UNeT7GXYsOBBMjPuwnpTWBAPHhSMCSQh1HRqkib9GLpr JHHIj/Dq/jL/jT2THHzsaQu6+Kiqr6r6qzSXwlEcPzSCN2/fvf+wsdn8+Onzl63tna/XzhSWY4cbaWwv BYdSaOyQIIm93CKoVGI3nf2p8t0btE4YfUWLHIcKJlpkggP5UHcwQyrj5Wi7Fbfj2sLXIFmDFlvbxWin cTsYG14o1MQlONdP4pyGJVgSXOKyOSgc5sBnMMG+hxoUumFZ77sMf/jIOMyM9U9TWEefMkpQzi1U6isV 0NS9zFXBA0cK7MKO/1XULyg7GpZC5wWh5quJWSFDMmGlQjgWFjnJhQfArfBLh3wKFjh5rZ6Nq3rnpOYH Ewv5VPC5/1vdt4w6zhdHXmrDp9E5XGEvIpxHEioPlhu18iNtqJa77RP/Qc8KzSu6W/Gb/lrJy9u8BteH 7eRn+/DyV+tkf323DfaNfWf7LGG/2Qk7YxeswzibsTt2z/4Ge8FxcBqcrUqDxpqzy55ZcPkI+wHN5Q== </latexit>
|1i
<latexit sha1_base64="8ug/djMPgxXZyOAg/G 7iqdQOIqg=">AAACl3icnVFLSyNBEO7MvjT7UNeT7GXYsOBBMjPuwnpTWBAPHhSMCSQh1HRqkib9GLpr JHHIj/Dq/jL/jT2THHzsaQu6+Kiqr6r6qzSXwlEcPzSCN2/fvf+wsdn8+Onzl63tna/XzhSWY4cbaWwv BYdSaOyQIIm93CKoVGI3nf2p8t0btE4YfUWLHIcKJlpkggP5UHcwQyqT5Wi7Fbfj2sLXIFmDFlvbxWin cTsYG14o1MQlONdP4pyGJVgSXOKyOSgc5sBnMMG+hxoUumFZ77sMf/jIOMyM9U9TWEefMkpQzi1U6isV 0NS9zFXBA0cK7MKO/1XULyg7GpZC5wWh5quJWSFDMmGlQjgWFjnJhQfArfBLh3wKFjh5rZ6Nq3rnpOYH Ewv5VPC5/1vdt4w6zhdHXmrDp9E5XGEvIpxHEioPlhu18iNtqJa77RP/Qc8KzSu6W/Gb/lrJy9u8BteH 7eRn+/DyV+tkf323DfaNfWf7LGG/2Qk7YxeswzibsTt2z/4Ge8FxcBqcrUqDxpqzy55ZcPkI/S/N5g== </latexit>
· · ·<latexit sha1_base64="NeIsrucyx241f+0hDW IU+ojlTNk=">AAAClnicnVFLa9tAEF4raZu6r6S9BHIRMYUcgiWlhfZUAqE0hx4ciB2DbcxotLI32YfY HRW7Iv8h1/Sf9d90JfuQR08Z2OFjZr6Z2W/SQgpHcfy3FWxsPnv+Yutl+9XrN2/fbe+8HzhTWuR9NNLY YQqOS6F5nwRJPiwsB5VKfpFendT5i1/cOmH0OS0LPlEw0yIXCORDgzFmhtx0uxN348bCxyBZgw5bW2+6 0/o9zgyWimtCCc6NkrigSQWWBEp+3R6XjheAVzDjIw81KO4mVbPudfjRR7IwN9Y/TWETvcuoQDm3VKmv VEBz9zBXBw8dKbBLm/2vaFRS/nVSCV2UxDWuJualDMmEtQhhJixHkksPAK3wS4c4BwtIXqp74+reBanF 4cxCMRe48H9r+lZR3/niyCttcB79hHM+jIgvIgm1B4tGrfxUG2rU7vrEE+h5qbGmuxW/7a+VPLzNYzA4 6iafukdnnzvHB+u7bbE9ts8OWMK+sGN2ynqsz5Bdsht2y/4Eu8G34HvwY1UatNacD+yeBb1/JwjNjA== </latexit>
Figure 2. Covert quantum state distribution through PPM
and MLC
is to split the whole transmission block into smaller sub-
blocks and to transmit exactly one non-idle state in a
position chosen uniformly at random in each sub-block.
The number of sub-blocks and the size of each sub-block
should both be O(
√
n) to achieve covertness [16]. The
principle of MLC is to further split the randomness used
to specify the position of the non-idle state into two parts:
one part with a fixed size independent of n, generated
locally by Alice and used for key generation, and an-
other part of size growing with n, generated secretly and
jointly by Alice and Bob and used for mimicking the uni-
form distribution via quantum channel resolvability [17,
Chapter 9.4]. This splitting allows Alice and Bob to par-
tially coordinate without paying the penalty incurred by
full coordination. The use of MLC converts the problem
of covert QKD into a traditional QKD problem over an
effective block-length scaling as O(
√
n), for which low-
complexity processing is possible.
We now elaborate on the details of the partially coordi-
nated protocol. As depicted in Fig. 2, the n channel uses
are partitioned into ` consecutive sub-blocks of length m
so that n , `m. Fix a non-idle state |φ〉 for the trans-
mitter such that
〈φ|0〉 6= 0 (6)
supp (EQ→Q(|1〉〈1|)) ⊆ supp (EQ→Q(|0〉〈0|)) (7)
We define the zth PPM state of length m, |PPM, z〉Qm
as
|0〉⊗z−1 ⊗ |φ〉 ⊗ |0〉⊗m−z, (8)
a product of |0〉 and |φ〉 with a single non-idle state in
the zth position. Writing m , mxmv, Alice generates `
PPM states of length m by choosing the position of the
non-idle state in the ith state as
d(Xi, Vi) , (Xi − 1)mv + Vi, (9)
where X` = (X1, · · · , X`) ∈ J1,mxK` and V ` =
(V1, · · · , V`) ∈ J1,mvK` are randomly generated se-
quences. Let ρx
`,v`
Qn be the corresponding density oper-
ator when X` = x` and V ` = v`, i.e.,
ρx
`,v`
Qn , ⊗`i=1|PPM, d(xi, vi)〉〈PPM, d(xi, vi)| (10)
4The crux of the protocol is to generate the sequences X`
and V ` using different mechanisms: X` is generated lo-
cally by Alice i.i.d. according to the uniform distribu-
tion over J1,mxK while V ` is generated jointly by Alice
and Bob by sampling codewords uniformly at random
from a codebook of size h described as follows. Let F
be a regular two-universal family of hash functions fromJ1,mvK` → Z where Z = J1, mv`h K. Bob samples f ∈ F
and z ∈ Z uniformly at random and transmits them over
the public channel. The codebook consists of the code-
words in f−1(z) and will be denoted through the function
g : J1, hK→ J1,mvK` : R 7→ V ` = g(R). (11)
The choice of X` uniformly at random defines an effective
cq channel from v` to the state at the output of the probe,
formally described by
v` 7→ 1
mx`
∑
x`
E⊗nQ→Q
(
ρx
`,v`
Qn
)
. (12)
By sampling R uniformly at random in J1, hK and us-
ing g(R) at the input of the effective cq channel, Eve’s
received state is
σQn ,
1
mx`
1
h
∑
x`,r
E⊗nQ→Q
(
ρ
x`,g(r)
Qn
)
. (13)
If Alice and Bob secretly share R prior to the trans-
mission, Bob can discard m −mx of his sub-systems in
each sub-block, for which he knows that the state |0〉 is
sent. We shall later account for the partial coordina-
tion through R by subtracting log h from the number of
generated key bits. For each sub-block, Alice therefore
obtains the classical state Xi while Bob obtains mx re-
ceived states. We denote the whole state shared between
Alice and Bob in ` sub-blocks by σX`(Qmx )` , which is
τ⊗`XQmx in the absence of the adversary for some τXQmx
independent of n.
The rest of the protocol is similar to a traditional
QKD protocol applied to σX`(Qmx )` with the additional
constraint
∥∥σCEn − ρunifC ⊗ ρ0En∥∥1 6 δ, which requires
the public communication to be uniformly distributed
and independent of Eve’s observation during the quan-
tum communication phase. The three main steps of
this phase are parameter estimation, information rec-
onciliation, and privacy amplification. Let ` , `1 +
`2 and decompose X
`(Qmx)` into two disjoint parts
X`1(Qmx)`1 and X`2(Qmx)`2 , used for parameter esti-
mation and secret key distillation, respectively. For sim-
plicity, we do not detail the classical algorithm for in-
formation reconciliation and take for granted the exis-
tence of a protocol IX`2 (Qmx )`2→X`2 X̂`2CIR where X̂`2
denotes Bob’s estimate of X`2 and CIR is the public
communication that takes place during the information
reconciliation protocol. Let σX`2 ,X̂`2CIREnC′ , (I ⊗
idEnC′)(σX`2 (Qmx )`2EnC′) where σEn is the adversary’s
observation from the quantum communication and C ′ is
the public communication in the quantum state distribu-
tion phase. We assume that
P
(
X`2 6= X̂`2
)
6 IR, (14)
P(abort| honest channel) 6 IR, (15)∥∥σCIREnC′ − ρunifCIR ⊗ σEnC′∥∥1 6 IR. (16)
More justification of the existence of good reconciliation
protocols can be found in [18] and references therein.
Furthermore, using the ideas in [19], one can ensure the
additional constraint in (16). The final step is to perform
privacy application to establish a secure key. To this end,
Alice and Bob require a bound onHδPAmin(X`2 |En) for some
information leakage threshold δPA, which we establish in
Theorem 3.
VI. PROTOCOL ANALYSIS
A. Covertness
Theorem 2. For any λ2 > 0, with
log h =
`
mx
χ2(ρ
1
E‖ρ0E) +
√
` (2 logmv + 3)
√
log
4
λ2
+ 1,
we have∥∥σEnC − ρ0En ⊗ ρunifC ∥∥1 6 λ1 + λ2 + IR + δPA, (17)
where
λ1 =
√
`
2m
χ2(ρ1E‖ρ0E). (18)
Proof. Let C = (C ′, C ′′) where C ′ denotes the public
communication required to choose the codebook, and C ′′
denotes the remaining public communication. By the
triangle inequality, we have∥∥σEnC − ρ0En ⊗ ρunifC ∥∥1 (19)
6
∥∥σEnC − σEnC′ ⊗ ρunifC′′ ∥∥1
+
∥∥σEnC′ ⊗ ρunifC′′ − ρ0En ⊗ ρunifC ∥∥1 (20)
=
∥∥σEnC − σEnC′ ⊗ ρunifC′′ ∥∥1 + ∥∥σEnC′ − ρ0En ⊗ ρunifC′ ∥∥1
(21)
By our discussion at the end of Section V and leftover
hash lemma [4], we have
∥∥σEnC − σEnC′ ⊗ ρunifC′′ ∥∥1 6
IR + δPA. We now consider the second term∥∥σEnC′ − ρ0En ⊗ ρunifC′ ∥∥1. Note first that by the mono-
tonicity of the trace norm,∥∥σEn − ρ0En∥∥1 (22)
=
∥∥∥UQn→En(σ˜QnC′)− UQn→En((ρ0Q)⊗n ⊗ ρunifC′ )∥∥∥
1
(23)
6
∥∥∥σ˜QnC′ − (ρ0Q)⊗n ⊗ ρunifC′ ∥∥∥
1
. (24)
5We upper-bound the above term in two steps. Introduc-
ing an intermediate state
ρPPMQn ,
1
mx`mv`
∑
x`,v`
E⊗nQ→Q(ρx
`,v`
Qn ), (25)
which is the average state at the output of the probe
when v` is chosen uniformly at random from J1,mxK`,
we have∥∥∥ρPPMQn ⊗ ρunifC′ − (ρ0Q)⊗n ⊗ ρunifC′ ∥∥∥ (26)
=
∥∥∥ρPPMQn − (ρ0Q)⊗n∥∥∥ (27)
(a)
6
√
1
2
D
(
ρPPMQn ‖
(
ρ0Q
)⊗n)
(28)
(b)
6
√
`
2m
χ2(ρ1Q‖ρ0Q) (29)
where (a) follows from Pinsker’s inequality, and (b) fol-
lows from [20, Eq. (B144)][21]. Therefore, establishing
covertness amounts to proving that the state σQnC′ gen-
erated by the protocol is nearly identical to ρPPMQn ⊗ρunifC′ .
This problem is known as quantum channel resolvability,
and the minimum number of bits log h required is ap-
proximately equal to the Holevo information [17, Lemma
9.2]. Recall that F is a regular two-universal family of
hash functions from J1,mvK` to Z , J1,mv`/hK.
Let us define
ρ˜vQm ,
1
mx
∑
x
|PPM, d(x, v)〉〈PPM, d(x, v)| (30)
ρ˜v
`
Qn , ρ˜v1 ⊗ · · · ⊗ ρ˜v` (31)
ρ˜V Qm ,
1
mv
∑
v
|v〉〈v|V ⊗ ρ˜vQm (32)
ρV Qm , E⊗mQ→Q(ρ˜V Qm) (33)
By Lemma 2 in Appendix B,∥∥σQnC′ − ρPPMQn ⊗ ρunifC′ ∥∥1 (34)
=
1
|F|
1
|Z|
∑
f∈F,z∈Z
∥∥∥∥∥∥ 1h
∑
v`∈f−1(z)
E⊗nQ→Q
(
ρv
`
Qn
)
− ρPPMQn
∥∥∥∥∥∥
1
(35)
6 λ2, (36)
provided that
log h > log
∣∣V`∣∣ − Hλ4min(V `|Qn)ρ⊗` + 2 log 2λ2 , (37)
and |V|` is divisible by h [22]. Applying [4, Corollary
3.3.7], we simplify the condition on log h by noting that
log
∣∣V`∣∣−Hλ4min(V `|Qn)ρ⊗`
6 log
∣∣V`∣∣− `(H(V |Q)ρ
− (2Hmax(V )ρ + 3)
√
log 4λ2 + 1
`

(a)
= `I(V ;Qm)ρ +
√
` (2 logmv + 3)
√
log
4
λ2
+ 1,
where (a) follows since τV is the mixed state. We also
further upper-bound I(V ;Qm)ρ by
I(V ;Qm)ρ = D(ρV Qm‖ρV ⊗ ρQm) (38)
6 D
(
ρV Qm‖ρV ⊗
(
ρ0Q
)⊗m)
(39)
=
1
mv
∑
v∈V
D
(
ρvQm‖
(
ρ0Q
)⊗m)
(40)
(a)
= D
(
ρ1Qm‖
(
ρ0Q
)⊗m)
(41)
= D
(
E⊗mxQ→Q
(
ρPPMQmx
) ‖ (ρ0Q)⊗mx) (42)
6 1
mx
χ2(ρ
1
Q‖ρ0Q), (43)
where (a) follows from the symmetry in the definition of
ρvQm . This concludes the proof.
B. Security
The objective of this section is to lower bound the
smooth min-entropy of Alice’s data X` given Eve’s ob-
servations. We first remind that, by our discussion in
Section V, we can assume that Alice prepares σ˜⊗`XQmx
where
σ˜XQmx ,
1
mx
mx∑
x=1
|x〉〈x|X ⊗ σ˜xQmx , (44)
σ˜xQmx , |0〉〈0|⊗x−1 ⊗ |φ〉〈φ| ⊗ |0〉〈0|⊗mx−x, (45)
and sends σ˜⊗`Qmx over the quantum channel to Bob. We
assume that Eve applies the same unitary UQmx→QmxEm
on each PPM symbol. Generalizing the security proof to
a general attack could follow from the same techniques
as in [23–25]. We now introduce some notation, which is
summarized in Fig. 3. Let us define
6AFTER EVE’S 
INTERACTION
ALICE’s LABe XQmx
<latexit sha1_base64="uKek8WRZkCve1fqu2 ztb1iQCkrU=">AAAGGnicrZRNb9MwGMe9scIobxscOWARTRpS1zYdEhz3wgEJbdomuk1ruspxnMZq 7ES2S1t5OfIt+AZc4QtwQ1y5cOaL4GQZbZPewFLaJ8//97zUdh83DqlUzeavpeVbK5Xbd1bvVu/df /Dw0dr641MZDQUmbRyFkTh3kSQh5aStqArJeSwIYm5IztzBfqqffSBC0oi/V5OYdBnqc+pTjJRx9da eOSPqEUVDj2hH0j5DSU+fw+NLzXrjJIG9NatZb2YLlg07NyyQr6Pe+spvx4vwkBGucIik7NjNWHU1 EorikCRVZyhJjPAA9UnHmBwxIrs6+yUJ3DAeD/qRMA9XMPPORmjEpJwwtwYRFhGfMGPkHvOdxsipZ DwMqaA2Q6iA1foCxQHF45pUDImJ8GrM84VpwzP10wBZrJg6F2mdofJfdzXl8VARjq/b94chVBFMNx t6VBCswokxTFPU7ADEARIIK3Mk1Y3ZMvBvN1D6WcFqdaFudjArqBttabI0GAmEh7zGGxHFbjRunBB JkMBBw3xEbCtEioy3spO49vT8Icfp4cu6Uf45G49UdpX+S7L85G4642RkvAxxTzuxSDp2Vzsh8dWmt uzEEbQfqBcFbEBUxl1ZtiMQ72c3bhZwBcoTZSq0bHhVRrI0rXkKWi24OCf1Eu2YlhWPBEOhNu8FIu LEIOmxur62i+rJjebqk6K2P9X2i9rhVDssahdT7aKoqd1E65k//m5SIvbmib0SMcKGGBW9LPUelFi ZZovMHErHVBpVDJsHDkrAYB54VwJokHS2u4ZBIYmDy+yCxEJbLTPOrO0yLnLcJWohvTF/+XhWXlEz qyA3shmLdnEIlo3TVt1u1u3jl9ZOPR+Qq+ApeA42gQ1egR3wFhyBNsDgI/gMvoCvlU+Vb5XvlR/X6 PJSHvMEzK3Kzz+PsjGj</latexit><latexit sha1_base64="uKek8WRZkCve1fqu2 ztb1iQCkrU=">AAAGGnicrZRNb9MwGMe9scIobxscOWARTRpS1zYdEhz3wgEJbdomuk1ruspxnMZq 7ES2S1t5OfIt+AZc4QtwQ1y5cOaL4GQZbZPewFLaJ8//97zUdh83DqlUzeavpeVbK5Xbd1bvVu/df /Dw0dr641MZDQUmbRyFkTh3kSQh5aStqArJeSwIYm5IztzBfqqffSBC0oi/V5OYdBnqc+pTjJRx9da eOSPqEUVDj2hH0j5DSU+fw+NLzXrjJIG9NatZb2YLlg07NyyQr6Pe+spvx4vwkBGucIik7NjNWHU1 EorikCRVZyhJjPAA9UnHmBwxIrs6+yUJ3DAeD/qRMA9XMPPORmjEpJwwtwYRFhGfMGPkHvOdxsipZ DwMqaA2Q6iA1foCxQHF45pUDImJ8GrM84VpwzP10wBZrJg6F2mdofJfdzXl8VARjq/b94chVBFMNx t6VBCswokxTFPU7ADEARIIK3Mk1Y3ZMvBvN1D6WcFqdaFudjArqBttabI0GAmEh7zGGxHFbjRunBB JkMBBw3xEbCtEioy3spO49vT8Icfp4cu6Uf45G49UdpX+S7L85G4642RkvAxxTzuxSDp2Vzsh8dWmt uzEEbQfqBcFbEBUxl1ZtiMQ72c3bhZwBcoTZSq0bHhVRrI0rXkKWi24OCf1Eu2YlhWPBEOhNu8FIu LEIOmxur62i+rJjebqk6K2P9X2i9rhVDssahdT7aKoqd1E65k//m5SIvbmib0SMcKGGBW9LPUelFi ZZovMHErHVBpVDJsHDkrAYB54VwJokHS2u4ZBIYmDy+yCxEJbLTPOrO0yLnLcJWohvTF/+XhWXlEz qyA3shmLdnEIlo3TVt1u1u3jl9ZOPR+Qq+ApeA42gQ1egR3wFhyBNsDgI/gMvoCvlU+Vb5XvlR/X6 PJSHvMEzK3Kzz+PsjGj</latexit><latexit sha1_base64="uKek8WRZkCve1fqu2 ztb1iQCkrU=">AAAGGnicrZRNb9MwGMe9scIobxscOWARTRpS1zYdEhz3wgEJbdomuk1ruspxnMZq 7ES2S1t5OfIt+AZc4QtwQ1y5cOaL4GQZbZPewFLaJ8//97zUdh83DqlUzeavpeVbK5Xbd1bvVu/df /Dw0dr641MZDQUmbRyFkTh3kSQh5aStqArJeSwIYm5IztzBfqqffSBC0oi/V5OYdBnqc+pTjJRx9da eOSPqEUVDj2hH0j5DSU+fw+NLzXrjJIG9NatZb2YLlg07NyyQr6Pe+spvx4vwkBGucIik7NjNWHU1 EorikCRVZyhJjPAA9UnHmBwxIrs6+yUJ3DAeD/qRMA9XMPPORmjEpJwwtwYRFhGfMGPkHvOdxsipZ DwMqaA2Q6iA1foCxQHF45pUDImJ8GrM84VpwzP10wBZrJg6F2mdofJfdzXl8VARjq/b94chVBFMNx t6VBCswokxTFPU7ADEARIIK3Mk1Y3ZMvBvN1D6WcFqdaFudjArqBttabI0GAmEh7zGGxHFbjRunBB JkMBBw3xEbCtEioy3spO49vT8Icfp4cu6Uf45G49UdpX+S7L85G4642RkvAxxTzuxSDp2Vzsh8dWmt uzEEbQfqBcFbEBUxl1ZtiMQ72c3bhZwBcoTZSq0bHhVRrI0rXkKWi24OCf1Eu2YlhWPBEOhNu8FIu LEIOmxur62i+rJjebqk6K2P9X2i9rhVDssahdT7aKoqd1E65k//m5SIvbmib0SMcKGGBW9LPUelFi ZZovMHErHVBpVDJsHDkrAYB54VwJokHS2u4ZBIYmDy+yCxEJbLTPOrO0yLnLcJWohvTF/+XhWXlEz qyA3shmLdnEIlo3TVt1u1u3jl9ZOPR+Qq+ApeA42gQ1egR3wFhyBNsDgI/gMvoCvlU+Vb5XvlR/X6 PJSHvMEzK3Kzz+PsjGj</latexit><latexit sha1_base64="uKek8WRZkCve1fqu2 ztb1iQCkrU=">AAAGGnicrZRNb9MwGMe9scIobxscOWARTRpS1zYdEhz3wgEJbdomuk1ruspxnMZq 7ES2S1t5OfIt+AZc4QtwQ1y5cOaL4GQZbZPewFLaJ8//97zUdh83DqlUzeavpeVbK5Xbd1bvVu/df /Dw0dr641MZDQUmbRyFkTh3kSQh5aStqArJeSwIYm5IztzBfqqffSBC0oi/V5OYdBnqc+pTjJRx9da eOSPqEUVDj2hH0j5DSU+fw+NLzXrjJIG9NatZb2YLlg07NyyQr6Pe+spvx4vwkBGucIik7NjNWHU1 EorikCRVZyhJjPAA9UnHmBwxIrs6+yUJ3DAeD/qRMA9XMPPORmjEpJwwtwYRFhGfMGPkHvOdxsipZ DwMqaA2Q6iA1foCxQHF45pUDImJ8GrM84VpwzP10wBZrJg6F2mdofJfdzXl8VARjq/b94chVBFMNx t6VBCswokxTFPU7ADEARIIK3Mk1Y3ZMvBvN1D6WcFqdaFudjArqBttabI0GAmEh7zGGxHFbjRunBB JkMBBw3xEbCtEioy3spO49vT8Icfp4cu6Uf45G49UdpX+S7L85G4642RkvAxxTzuxSDp2Vzsh8dWmt uzEEbQfqBcFbEBUxl1ZtiMQ72c3bhZwBcoTZSq0bHhVRrI0rXkKWi24OCf1Eu2YlhWPBEOhNu8FIu LEIOmxur62i+rJjebqk6K2P9X2i9rhVDssahdT7aKoqd1E65k//m5SIvbmib0SMcKGGBW9LPUelFi ZZovMHErHVBpVDJsHDkrAYB54VwJokHS2u4ZBIYmDy+yCxEJbLTPOrO0yLnLcJWohvTF/+XhWXlEz qyA3shmLdnEIlo3TVt1u1u3jl9ZOPR+Qq+ApeA42gQ1egR3wFhyBNsDgI/gMvoCvlU+Vb5XvlR/X6 PJSHvMEzK3Kzz+PsjGj</latexit>
AFTER PROBEe⌧XQmx
<latexit sha1_base64="DNws5uR/FBO8uBgbr sgkMQmmlMw=">AAAGGHicrZTPb9MwFMe9scIovzY4IiSLaNKQurbpkOC4HxyQ0KZtotu0tqscx2ms xk5kO7SVlxP/Bf8BV/gHuCGu3Djzj+BkGW2T3sBSm9f3/bz3XD/nOVFApWo2fy0t31qp3L6zerd67 /6Dh4/W1h+fyjAWmLRxGITi3EGSBJSTtqIqIOeRIIg5ATlzhvupfvaBCElD/l5NItJjaMCpRzFSxtV fe9YdUZcoGrhEdxWKk74+h8eXmvXHSQL7a1az3swWLBt2blggX0f99ZXfXTfEMSNc4QBJ2bGbkepp JBTFAUmq3ViSCOEhGpCOMTliRPZ09j8SuGE8LvRCYT5cwcw7G6ERk3LCnBpEWIR8woyRe8wzjZFTy XgYUn5thlA+qw0EinyKxzWpGBIT4daY6wmzDdfUTwNksWLqXKR1YuW97mnKo1gRjq+378UBVCFMjx q6VBCsgokxzKaoOQGIfSQQVqYh1Y3ZMvDvbqD0soLV6kLdnGBWUDfa0mRpMOILF7mNNyKMnHDcOCG SIIH9hvkK2VaAFBlvZZ249vS9mOO09bJulH/OxkOVXaT/kizv3M3OOBkZL0Pc1d1IJB27p7sB8dSmt uykK+jAVy8K2JCojLuy7K5AfJDduFnAEShPlKnQsuFVGcnStOYpaLXg4pzUTcyrQ8aKh4KhQJvfBS LkxCBpWx1P20X15EZz9ElR259q+0XtcKodFrWLqXZR1NRuovXMa7+blIi9eWKvRIywIUZFL0u9ByV WptlCM4XSIZVGFcPmgYMSMJwH3pUA6ied7Z5hUEAi/zK7IJHQVsuMM2u7jIscd4haSG/MXz6elVfU zCrIjWzGol0cgmXjtFW3m3X7+KW1U88H5Cp4Cp6DTWCDV2AHvAVHoA0w+Ag+gy/ga+VT5Vvle+XHN bq8lMc8AXOr8vMPzXowyA==</latexit><latexit sha1_base64="DNws5uR/FBO8uBgbr sgkMQmmlMw=">AAAGGHicrZTPb9MwFMe9scIovzY4IiSLaNKQurbpkOC4HxyQ0KZtotu0tqscx2ms xk5kO7SVlxP/Bf8BV/gHuCGu3Djzj+BkGW2T3sBSm9f3/bz3XD/nOVFApWo2fy0t31qp3L6zerd67 /6Dh4/W1h+fyjAWmLRxGITi3EGSBJSTtqIqIOeRIIg5ATlzhvupfvaBCElD/l5NItJjaMCpRzFSxtV fe9YdUZcoGrhEdxWKk74+h8eXmvXHSQL7a1az3swWLBt2blggX0f99ZXfXTfEMSNc4QBJ2bGbkepp JBTFAUmq3ViSCOEhGpCOMTliRPZ09j8SuGE8LvRCYT5cwcw7G6ERk3LCnBpEWIR8woyRe8wzjZFTy XgYUn5thlA+qw0EinyKxzWpGBIT4daY6wmzDdfUTwNksWLqXKR1YuW97mnKo1gRjq+378UBVCFMjx q6VBCsgokxzKaoOQGIfSQQVqYh1Y3ZMvDvbqD0soLV6kLdnGBWUDfa0mRpMOILF7mNNyKMnHDcOCG SIIH9hvkK2VaAFBlvZZ249vS9mOO09bJulH/OxkOVXaT/kizv3M3OOBkZL0Pc1d1IJB27p7sB8dSmt uykK+jAVy8K2JCojLuy7K5AfJDduFnAEShPlKnQsuFVGcnStOYpaLXg4pzUTcyrQ8aKh4KhQJvfBS LkxCBpWx1P20X15EZz9ElR259q+0XtcKodFrWLqXZR1NRuovXMa7+blIi9eWKvRIywIUZFL0u9ByV WptlCM4XSIZVGFcPmgYMSMJwH3pUA6ied7Z5hUEAi/zK7IJHQVsuMM2u7jIscd4haSG/MXz6elVfU zCrIjWzGol0cgmXjtFW3m3X7+KW1U88H5Cp4Cp6DTWCDV2AHvAVHoA0w+Ag+gy/ga+VT5Vvle+XHN bq8lMc8AXOr8vMPzXowyA==</latexit><latexit sha1_base64="DNws5uR/FBO8uBgbr sgkMQmmlMw=">AAAGGHicrZTPb9MwFMe9scIovzY4IiSLaNKQurbpkOC4HxyQ0KZtotu0tqscx2ms xk5kO7SVlxP/Bf8BV/gHuCGu3Djzj+BkGW2T3sBSm9f3/bz3XD/nOVFApWo2fy0t31qp3L6zerd67 /6Dh4/W1h+fyjAWmLRxGITi3EGSBJSTtqIqIOeRIIg5ATlzhvupfvaBCElD/l5NItJjaMCpRzFSxtV fe9YdUZcoGrhEdxWKk74+h8eXmvXHSQL7a1az3swWLBt2blggX0f99ZXfXTfEMSNc4QBJ2bGbkepp JBTFAUmq3ViSCOEhGpCOMTliRPZ09j8SuGE8LvRCYT5cwcw7G6ERk3LCnBpEWIR8woyRe8wzjZFTy XgYUn5thlA+qw0EinyKxzWpGBIT4daY6wmzDdfUTwNksWLqXKR1YuW97mnKo1gRjq+378UBVCFMjx q6VBCsgokxzKaoOQGIfSQQVqYh1Y3ZMvDvbqD0soLV6kLdnGBWUDfa0mRpMOILF7mNNyKMnHDcOCG SIIH9hvkK2VaAFBlvZZ249vS9mOO09bJulH/OxkOVXaT/kizv3M3OOBkZL0Pc1d1IJB27p7sB8dSmt uykK+jAVy8K2JCojLuy7K5AfJDduFnAEShPlKnQsuFVGcnStOYpaLXg4pzUTcyrQ8aKh4KhQJvfBS LkxCBpWx1P20X15EZz9ElR259q+0XtcKodFrWLqXZR1NRuovXMa7+blIi9eWKvRIywIUZFL0u9ByV WptlCM4XSIZVGFcPmgYMSMJwH3pUA6ied7Z5hUEAi/zK7IJHQVsuMM2u7jIscd4haSG/MXz6elVfU zCrIjWzGol0cgmXjtFW3m3X7+KW1U88H5Cp4Cp6DTWCDV2AHvAVHoA0w+Ag+gy/ga+VT5Vvle+XHN bq8lMc8AXOr8vMPzXowyA==</latexit><latexit sha1_base64="DNws5uR/FBO8uBgbr sgkMQmmlMw=">AAAGGHicrZTPb9MwFMe9scIovzY4IiSLaNKQurbpkOC4HxyQ0KZtotu0tqscx2ms xk5kO7SVlxP/Bf8BV/gHuCGu3Djzj+BkGW2T3sBSm9f3/bz3XD/nOVFApWo2fy0t31qp3L6zerd67 /6Dh4/W1h+fyjAWmLRxGITi3EGSBJSTtqIqIOeRIIg5ATlzhvupfvaBCElD/l5NItJjaMCpRzFSxtV fe9YdUZcoGrhEdxWKk74+h8eXmvXHSQL7a1az3swWLBt2blggX0f99ZXfXTfEMSNc4QBJ2bGbkepp JBTFAUmq3ViSCOEhGpCOMTliRPZ09j8SuGE8LvRCYT5cwcw7G6ERk3LCnBpEWIR8woyRe8wzjZFTy XgYUn5thlA+qw0EinyKxzWpGBIT4daY6wmzDdfUTwNksWLqXKR1YuW97mnKo1gRjq+378UBVCFMjx q6VBCsgokxzKaoOQGIfSQQVqYh1Y3ZMvDvbqD0soLV6kLdnGBWUDfa0mRpMOILF7mNNyKMnHDcOCG SIIH9hvkK2VaAFBlvZZ249vS9mOO09bJulH/OxkOVXaT/kizv3M3OOBkZL0Pc1d1IJB27p7sB8dSmt uykK+jAVy8K2JCojLuy7K5AfJDduFnAEShPlKnQsuFVGcnStOYpaLXg4pzUTcyrQ8aKh4KhQJvfBS LkxCBpWx1P20X15EZz9ElR259q+0XtcKodFrWLqXZR1NRuovXMa7+blIi9eWKvRIywIUZFL0u9ByV WptlCM4XSIZVGFcPmgYMSMJwH3pUA6ied7Z5hUEAi/zK7IJHQVsuMM2u7jIscd4haSG/MXz6elVfU zCrIjWzGol0cgmXjtFW3m3X7+KW1U88H5Cp4Cp6DTWCDV2AHvAVHoA0w+Ag+gy/ga+VT5Vvle+XHN bq8lMc8AXOr8vMPzXowyA==</latexit>
⌧XQmxEm
<latexit sha1_base64="mVlYIfn40A7Gdw+xRFYmGKJFMxU=">AAAGEXicrZTdbtMwFMe9scIoXx tI3HBjEU0aUtc2HRJc7gMkJLRpm+g2re0qx3Eaq7ET2Q5t5eUpeANu4QW4Q9zyBFzzIjhZRtukd2Ap7cn5/845ro97nCigUjWbv5aWb61Ubt9ZvVu9d//Bw0dr649PZRgLTNo4DEJx7iBJAspJW1EVkPNI EMScgJw5w/1UP/tIhKQh/6AmEekxNODUoxgp4+qvPdVdheKkr8/h8aVm/XHy9pIlsL9mNevNbMGyYeeGBfJ11F9f+d11QxwzwhUOkJQduxmpnkZCURyQpNqNJYkQHqIB6RiTI0ZkT2c/IIEbxuNCLxTm4Q pm3tkIjZiUE+bUIMIi5BNmjNxjvtMYOZWMhyHl12YI5bPaQKDIp3hck4ohMRFujbmeMNtwTf00QBYrps5FWidW3uuepjyKFeH4evteHEAVwvSMoUsFwSqYGMNsipoTgNhHAmFlOlHdmC0D/+4GSi8rWK0u1 M0JZgV1oy1NlgYjvnCR23gjwsgJx40TIgkS2G+Yj5BtBUiR8VbWiWtP34s5Tnsu60b552w8VNkN+i/J8s7d7IyTkfEyxF3djUTSsXu6GxBPbWrLTrqCDnz1ooANicq4K8vuCsQH2Y2bBRyB8kSZCi0bXpW RLE1rnoJWCy7OSd3E/HvIWPFQMBRo814gQk4MkrbV8bRdVE9uNEefFLX9qbZf1A6n2mFRu5hqF0VN7SZad0fUJYoGLtG7SYnYmyf2SsQIG2JU9LLUe1BiZZotNOMnnU5pVDFsHjgoAcN54H0JoH7S2e4ZBg Uk8i+zCxIJbbXMRLO2y7jIcYeohfTG/OXjWXlFzayC3MhmLNrFIVg2Tlt1u1m3j19aO/V8QK6CZ+A52AQ2eAV2wDtwBNoAgyvwGXwBXyufKt8q3ys/rtHlpTzmCZhblZ9/AHnoLXs=</latexit><latexit sha1_base64="mVlYIfn40A7Gdw+xRFYmGKJFMxU=">AAAGEXicrZTdbtMwFMe9scIoXx tI3HBjEU0aUtc2HRJc7gMkJLRpm+g2re0qx3Eaq7ET2Q5t5eUpeANu4QW4Q9zyBFzzIjhZRtukd2Ap7cn5/845ro97nCigUjWbv5aWb61Ubt9ZvVu9d//Bw0dr649PZRgLTNo4DEJx7iBJAspJW1EVkPNI EMScgJw5w/1UP/tIhKQh/6AmEekxNODUoxgp4+qvPdVdheKkr8/h8aVm/XHy9pIlsL9mNevNbMGyYeeGBfJ11F9f+d11QxwzwhUOkJQduxmpnkZCURyQpNqNJYkQHqIB6RiTI0ZkT2c/IIEbxuNCLxTm4Q pm3tkIjZiUE+bUIMIi5BNmjNxjvtMYOZWMhyHl12YI5bPaQKDIp3hck4ohMRFujbmeMNtwTf00QBYrps5FWidW3uuepjyKFeH4evteHEAVwvSMoUsFwSqYGMNsipoTgNhHAmFlOlHdmC0D/+4GSi8rWK0u1 M0JZgV1oy1NlgYjvnCR23gjwsgJx40TIgkS2G+Yj5BtBUiR8VbWiWtP34s5Tnsu60b552w8VNkN+i/J8s7d7IyTkfEyxF3djUTSsXu6GxBPbWrLTrqCDnz1ooANicq4K8vuCsQH2Y2bBRyB8kSZCi0bXpW RLE1rnoJWCy7OSd3E/HvIWPFQMBRo814gQk4MkrbV8bRdVE9uNEefFLX9qbZf1A6n2mFRu5hqF0VN7SZad0fUJYoGLtG7SYnYmyf2SsQIG2JU9LLUe1BiZZotNOMnnU5pVDFsHjgoAcN54H0JoH7S2e4ZBg Uk8i+zCxIJbbXMRLO2y7jIcYeohfTG/OXjWXlFzayC3MhmLNrFIVg2Tlt1u1m3j19aO/V8QK6CZ+A52AQ2eAV2wDtwBNoAgyvwGXwBXyufKt8q3ys/rtHlpTzmCZhblZ9/AHnoLXs=</latexit><latexit sha1_base64="mVlYIfn40A7Gdw+xRFYmGKJFMxU=">AAAGEXicrZTdbtMwFMe9scIoXx tI3HBjEU0aUtc2HRJc7gMkJLRpm+g2re0qx3Eaq7ET2Q5t5eUpeANu4QW4Q9zyBFzzIjhZRtukd2Ap7cn5/845ro97nCigUjWbv5aWb61Ubt9ZvVu9d//Bw0dr649PZRgLTNo4DEJx7iBJAspJW1EVkPNI EMScgJw5w/1UP/tIhKQh/6AmEekxNODUoxgp4+qvPdVdheKkr8/h8aVm/XHy9pIlsL9mNevNbMGyYeeGBfJ11F9f+d11QxwzwhUOkJQduxmpnkZCURyQpNqNJYkQHqIB6RiTI0ZkT2c/IIEbxuNCLxTm4Q pm3tkIjZiUE+bUIMIi5BNmjNxjvtMYOZWMhyHl12YI5bPaQKDIp3hck4ohMRFujbmeMNtwTf00QBYrps5FWidW3uuepjyKFeH4evteHEAVwvSMoUsFwSqYGMNsipoTgNhHAmFlOlHdmC0D/+4GSi8rWK0u1 M0JZgV1oy1NlgYjvnCR23gjwsgJx40TIgkS2G+Yj5BtBUiR8VbWiWtP34s5Tnsu60b552w8VNkN+i/J8s7d7IyTkfEyxF3djUTSsXu6GxBPbWrLTrqCDnz1ooANicq4K8vuCsQH2Y2bBRyB8kSZCi0bXpW RLE1rnoJWCy7OSd3E/HvIWPFQMBRo814gQk4MkrbV8bRdVE9uNEefFLX9qbZf1A6n2mFRu5hqF0VN7SZad0fUJYoGLtG7SYnYmyf2SsQIG2JU9LLUe1BiZZotNOMnnU5pVDFsHjgoAcN54H0JoH7S2e4ZBg Uk8i+zCxIJbbXMRLO2y7jIcYeohfTG/OXjWXlFzayC3MhmLNrFIVg2Tlt1u1m3j19aO/V8QK6CZ+A52AQ2eAV2wDtwBNoAgyvwGXwBXyufKt8q3ys/rtHlpTzmCZhblZ9/AHnoLXs=</latexit><latexit sha1_base64="mVlYIfn40A7Gdw+xRFYmGKJFMxU=">AAAGEXicrZTdbtMwFMe9scIoXx tI3HBjEU0aUtc2HRJc7gMkJLRpm+g2re0qx3Eaq7ET2Q5t5eUpeANu4QW4Q9zyBFzzIjhZRtukd2Ap7cn5/845ro97nCigUjWbv5aWb61Ubt9ZvVu9d//Bw0dr649PZRgLTNo4DEJx7iBJAspJW1EVkPNI EMScgJw5w/1UP/tIhKQh/6AmEekxNODUoxgp4+qvPdVdheKkr8/h8aVm/XHy9pIlsL9mNevNbMGyYeeGBfJ11F9f+d11QxwzwhUOkJQduxmpnkZCURyQpNqNJYkQHqIB6RiTI0ZkT2c/IIEbxuNCLxTm4Q pm3tkIjZiUE+bUIMIi5BNmjNxjvtMYOZWMhyHl12YI5bPaQKDIp3hck4ohMRFujbmeMNtwTf00QBYrps5FWidW3uuepjyKFeH4evteHEAVwvSMoUsFwSqYGMNsipoTgNhHAmFlOlHdmC0D/+4GSi8rWK0u1 M0JZgV1oy1NlgYjvnCR23gjwsgJx40TIgkS2G+Yj5BtBUiR8VbWiWtP34s5Tnsu60b552w8VNkN+i/J8s7d7IyTkfEyxF3djUTSsXu6GxBPbWrLTrqCDnz1ooANicq4K8vuCsQH2Y2bBRyB8kSZCi0bXpW RLE1rnoJWCy7OSd3E/HvIWPFQMBRo814gQk4MkrbV8bRdVE9uNEefFLX9qbZf1A6n2mFRu5hqF0VN7SZad0fUJYoGLtG7SYnYmyf2SsQIG2JU9LLUe1BiZZotNOMnnU5pVDFsHjgoAcN54H0JoH7S2e4ZBg Uk8i+zCxIJbbXMRLO2y7jIcYeohfTG/OXjWXlFzayC3MhmLNrFIVg2Tlt1u1m3j19aO/V8QK6CZ+A52AQ2eAV2wDtwBNoAgyvwGXwBXyufKt8q3ys/rtHlpTzmCZhblZ9/AHnoLXs=</latexit>
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<latexit sha1_base64="9YV6yzUUxqbU94oME 9jEBrF5k1U=">AAAGEXicrZTdbtMwFMe9scIoXx1I3HBjEU0aUtc2HRJc7oMLJLRpTHSb1nSV4ziN 1diJbJe28vIUvAG38ALcIW55Aq55EZwso23SO4jU5vT8f+ej9tFx45BK1Wr9Wlm9tVa5fWf9bvXe/ QcPH9U2Hp/KaCQw6eAojMS5iyQJKScdRVVIzmNBEHNDcuYOD1L97CMRkkb8g5rGpMfQgFOfYqSMq19 7qp0hUbqVOK5A5nWpWX+SJP2a1Wq0sgeWDTs3LJA/x/2Ntd+OF+ERI1zhEEnZtVux6mkkFMUhSarO SJIY4SEakK4xOWJE9nT2BxK4aTwe9CNhPlzBzDsfoRGTcsrcOkRYRHzKjJF7zDuNkTPJeBhSQX2OU AGrDwSKA4ondakYElPh1ZnnC9OGZ+qnAbJYMXUu07oj5b/uacrjkSIcX7fvj0KoIpieMfSoIFiFU2 OYpqg5AYgDJBBW5iaqm/Nl4N9uoPSzgtXqUt2cYFZQNzvSZGkyEggPec03IordaNI8IZIggYOm+Yr YdogUmWxnN3Ht6fsjjtM7lw2j/HM2Hqlsgv5LsvzmbjrjZGy8DHFPO7FIunZPOyHx1Za27MQRdBCoF wXMzHDGXVm2IxAfZBM3D5jpzhNlKrRseFVGsjTtRQpabbg8J/US7ZiWFY8EQ6E2vwtExIlB0mt1fW 0X1ZMbzdUnRe1gph0UtaOZdlTULmbaRVFTe4nWzph6RNHQI3ovKRH7i8R+iRhjQ4yLXpZ6D0usTLN FZv2k2ymNKoYtAoclYLgIvCsBNEi6Oz3DoJDEwWU2ILHQVjvpa2unjIscd4laSm8uDh/PyitqdhXk RjZr0S4uwbJx2m7YrYb9/qW128gX5Dp4Bp6DLWCDV2AXvAXHoAMwuAKfwRfwtfKp8q3yvfLjGl1dy WOegIWn8vMPgyAuBg==</latexit><latexit sha1_base64="9YV6yzUUxqbU94oME 9jEBrF5k1U=">AAAGEXicrZTdbtMwFMe9scIoXx1I3HBjEU0aUtc2HRJc7oMLJLRpTHSb1nSV4ziN 1diJbJe28vIUvAG38ALcIW55Aq55EZwso23SO4jU5vT8f+ej9tFx45BK1Wr9Wlm9tVa5fWf9bvXe/ QcPH9U2Hp/KaCQw6eAojMS5iyQJKScdRVVIzmNBEHNDcuYOD1L97CMRkkb8g5rGpMfQgFOfYqSMq19 7qp0hUbqVOK5A5nWpWX+SJP2a1Wq0sgeWDTs3LJA/x/2Ntd+OF+ERI1zhEEnZtVux6mkkFMUhSarO SJIY4SEakK4xOWJE9nT2BxK4aTwe9CNhPlzBzDsfoRGTcsrcOkRYRHzKjJF7zDuNkTPJeBhSQX2OU AGrDwSKA4ondakYElPh1ZnnC9OGZ+qnAbJYMXUu07oj5b/uacrjkSIcX7fvj0KoIpieMfSoIFiFU2 OYpqg5AYgDJBBW5iaqm/Nl4N9uoPSzgtXqUt2cYFZQNzvSZGkyEggPec03IordaNI8IZIggYOm+Yr YdogUmWxnN3Ht6fsjjtM7lw2j/HM2Hqlsgv5LsvzmbjrjZGy8DHFPO7FIunZPOyHx1Za27MQRdBCoF wXMzHDGXVm2IxAfZBM3D5jpzhNlKrRseFVGsjTtRQpabbg8J/US7ZiWFY8EQ6E2vwtExIlB0mt1fW 0X1ZMbzdUnRe1gph0UtaOZdlTULmbaRVFTe4nWzph6RNHQI3ovKRH7i8R+iRhjQ4yLXpZ6D0usTLN FZv2k2ymNKoYtAoclYLgIvCsBNEi6Oz3DoJDEwWU2ILHQVjvpa2unjIscd4laSm8uDh/PyitqdhXk RjZr0S4uwbJx2m7YrYb9/qW128gX5Dp4Bp6DLWCDV2AXvAXHoAMwuAKfwRfwtfKp8q3yvfLjGl1dy WOegIWn8vMPgyAuBg==</latexit><latexit sha1_base64="9YV6yzUUxqbU94oME 9jEBrF5k1U=">AAAGEXicrZTdbtMwFMe9scIoXx1I3HBjEU0aUtc2HRJc7oMLJLRpTHSb1nSV4ziN 1diJbJe28vIUvAG38ALcIW55Aq55EZwso23SO4jU5vT8f+ej9tFx45BK1Wr9Wlm9tVa5fWf9bvXe/ QcPH9U2Hp/KaCQw6eAojMS5iyQJKScdRVVIzmNBEHNDcuYOD1L97CMRkkb8g5rGpMfQgFOfYqSMq19 7qp0hUbqVOK5A5nWpWX+SJP2a1Wq0sgeWDTs3LJA/x/2Ntd+OF+ERI1zhEEnZtVux6mkkFMUhSarO SJIY4SEakK4xOWJE9nT2BxK4aTwe9CNhPlzBzDsfoRGTcsrcOkRYRHzKjJF7zDuNkTPJeBhSQX2OU AGrDwSKA4ondakYElPh1ZnnC9OGZ+qnAbJYMXUu07oj5b/uacrjkSIcX7fvj0KoIpieMfSoIFiFU2 OYpqg5AYgDJBBW5iaqm/Nl4N9uoPSzgtXqUt2cYFZQNzvSZGkyEggPec03IordaNI8IZIggYOm+Yr YdogUmWxnN3Ht6fsjjtM7lw2j/HM2Hqlsgv5LsvzmbjrjZGy8DHFPO7FIunZPOyHx1Za27MQRdBCoF wXMzHDGXVm2IxAfZBM3D5jpzhNlKrRseFVGsjTtRQpabbg8J/US7ZiWFY8EQ6E2vwtExIlB0mt1fW 0X1ZMbzdUnRe1gph0UtaOZdlTULmbaRVFTe4nWzph6RNHQI3ovKRH7i8R+iRhjQ4yLXpZ6D0usTLN FZv2k2ymNKoYtAoclYLgIvCsBNEi6Oz3DoJDEwWU2ILHQVjvpa2unjIscd4laSm8uDh/PyitqdhXk RjZr0S4uwbJx2m7YrYb9/qW128gX5Dp4Bp6DLWCDV2AXvAXHoAMwuAKfwRfwtfKp8q3yvfLjGl1dy WOegIWn8vMPgyAuBg==</latexit><latexit sha1_base64="9YV6yzUUxqbU94oME 9jEBrF5k1U=">AAAGEXicrZTdbtMwFMe9scIoXx1I3HBjEU0aUtc2HRJc7oMLJLRpTHSb1nSV4ziN 1diJbJe28vIUvAG38ALcIW55Aq55EZwso23SO4jU5vT8f+ej9tFx45BK1Wr9Wlm9tVa5fWf9bvXe/ QcPH9U2Hp/KaCQw6eAojMS5iyQJKScdRVVIzmNBEHNDcuYOD1L97CMRkkb8g5rGpMfQgFOfYqSMq19 7qp0hUbqVOK5A5nWpWX+SJP2a1Wq0sgeWDTs3LJA/x/2Ntd+OF+ERI1zhEEnZtVux6mkkFMUhSarO SJIY4SEakK4xOWJE9nT2BxK4aTwe9CNhPlzBzDsfoRGTcsrcOkRYRHzKjJF7zDuNkTPJeBhSQX2OU AGrDwSKA4ondakYElPh1ZnnC9OGZ+qnAbJYMXUu07oj5b/uacrjkSIcX7fvj0KoIpieMfSoIFiFU2 OYpqg5AYgDJBBW5iaqm/Nl4N9uoPSzgtXqUt2cYFZQNzvSZGkyEggPec03IordaNI8IZIggYOm+Yr YdogUmWxnN3Ht6fsjjtM7lw2j/HM2Hqlsgv5LsvzmbjrjZGy8DHFPO7FIunZPOyHx1Za27MQRdBCoF wXMzHDGXVm2IxAfZBM3D5jpzhNlKrRseFVGsjTtRQpabbg8J/US7ZiWFY8EQ6E2vwtExIlB0mt1fW 0X1ZMbzdUnRe1gph0UtaOZdlTULmbaRVFTe4nWzph6RNHQI3ovKRH7i8R+iRhjQ4yLXpZ6D0usTLN FZv2k2ymNKoYtAoclYLgIvCsBNEi6Oz3DoJDEwWU2ILHQVjvpa2unjIscd4laSm8uDh/PyitqdhXk RjZr0S4uwbJx2m7YrYb9/qW128gX5Dp4Bp6DLWCDV2AXvAXHoAMwuAKfwRfwtfKp8q3yvfLjGl1dy WOegIWn8vMPgyAuBg==</latexit>
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Figure 3. Notations for secrecy analysis
τ˜xQmx , EmxQ→Q
(
σ˜xQmx
)
, (46)
τxQmxEm , UQmx→Qmx→Em τ˜xQmxU†Qmx→Qmx→Em ,
(47)
τXQmxEm ,
1
mx
mx∑
x=1
|x〉〈x|X ⊗ τxQmxEm , (48)
σX`Qmx`En , τ⊗`XBEm . (49)
We also define
ρ˜0Qmx , (EQ→Q (|0〉〈0|))⊗mx , (50)
ρ0QmxEm , UQmx→Qmx→Em ρ˜0QmxU†Qmx→Qmx→Em . (51)
Theorem 3. We have
Hδmin(X`|En)σ > logmx − D
(
ρ1Q‖ρ0Q
)
+
1
mx
∑
x
log (1− ηx)− (2 logmx + 3)
√
log 1δ + 1
`
,
(52)
for all unitaries U and for all ηx such that
F (τxQmx , ρ
0
Qmx ) 6 ℵ(λx, F (|0〉〈0|, |φ〉〈φ|))
− 2
√
1− F (|0〉〈0|, |φ〉〈φ|)δ − (δ)2 (53)
where
ℵ(x, y) , 1− 2
√
1− yx+ x2
y
− 2
√
2
√
1− yx+ x2
y
x− x2,
(54)
λx , 2δ0 +
√
ηx + 4
√
ηxδ1 + 4(δ1)2, (55)
δ1 , C(|φ〉〈φ|, ρ1Q), (56)
δ0 , C(|0〉〈0|, ρ0Q), (57)
δ , δ0 + δ1. (58)
Remark 1. The right hand side of (52) only depends
on quantities that are either specified by the protocol and
the probe, or could be calculated from Alice’s and Bob’s
observations.
Remark 2. We explain here the difficulty in obtain-
ing such bounds. Note first that, as detailed in [12],
reverse reconciliation does not lead to a positive covert
throughput unless Eve’s and Bob’s observations are in-
dependent when |0〉 is sent. This is unfortunately not
the case when the channel is a beam-splitter. To the
best of our knowledge, there exist two standard meth-
ods to bound Eve’s information for continuous variable
QKD protocols. The first method leverages the optimal-
ity of Gaussian attack, which results in a sub-optimal
bound on Eve’s information for discrete-variable proto-
cols. Since Alice’s measurement is not Gaussian (in the
entanglement-based version), it is not straightforward to
calculate the bound for forward reconciliation protocols.
The second method exploits entropic uncertainty rela-
tions, which requires finding an entanglement-based ver-
sion with two different measurement at Alice. We could
not find such version of our specific quantum state dis-
tribution.
Remark 3. Note that in the absence of the adversary
I(X;Qmx)σ = D
(N (ρ1Q)‖N (ρ0Q)) + O(1/mx) [26]. Ex-
cluding finite-length effects, we achieve positive covert
throughput when,
D
(
ρ1Q‖ρ0Q
)− D(N (ρ1Q)‖N (ρ0Q)) 6 1mx ∑x log(1− ηx).
(59)
This inequality holds when ηx > 0 and N is close to the
noiseless channel.
We now state a general upper bound for the relative
entropy between the output of the complementary chan-
nel for two fixed states.
Theorem 4. Let A and B be two possibly infinite dimen-
sional quantum systems such that system A is a compo-
sition of two sub-systems A′ and A′′. Let ρ0A and ρ
1
A
be in D(HA) such that for two pure states |φ0〉A′ and
|φ1〉A′ in HA′ and a mixed state νA′′ in D(HA′′), we
have C(φxA′ ⊗ νA′′ , ρxA) 6 δx. Let N : D(HA) → D(HB)
be a quantum channel with a complementary channel
E : D(HA)→ D(HE). Suppose that η > 0 satisfies
F (N (ρ1A),N (ρ0A)) 6 ℵ(λ, F (φ1A′ , φ0A′))
− 2
√
1− F (φ1A′ , φ0A′)δ − δ2 (60)
where λ , 2δ0 +
√
η + 4
√
ηδ1 + 4δ21, δ , δ0 + δ1.
We then have
D
(E(ρ1A)‖E(ρ0A)) 6 D(ρ1A‖ρ0A)+ log (1− η) . (61)
Proof. See Appendix D.
Proof of Theorem 3. By [4, Corollary 3.3.7], we have
Hmin
(
X`|En)
σ
> H(X|E)τ − (2Hmax (X)τ + 3)
√
log 1 + 1
`
(62)
= H(X|Em)τ − (2 logmx + 3)
√
log 1 + 1
`
.
(63)
7ALICE BOB
public authenticated channel
LASER
⌧N
<latexit sha1_base64="oGtoAOnbL GfO3Ka/8SYnBw1MW6I=">AAAF/3icrZRNb9MwGMe9scIoL9vgyMUimjSkrm0 6JDjuhQMS2jQmuk1rSuU4TmMaO5Ht0FVeDnwDrvAFuCGufBTOfBGcLKNt0ht YSvLk+f+eF9nW48Yhlard/rW0fGuldvvO6t36vfsPHq6tbzw6lVEiMOniKIz EuYskCSknXUVVSM5jQRBzQ3Lmjg4y/ewjEZJG/J2axKTP0JBTn2KkjOvUUSg ZHA3WrXaznS9YNezCsECxjgcbK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4WbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzZkIohMRFeg3m+MG14pn4WIMsVM+cirZco/2Vf Ux4ninB83b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3Z8vAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWq9EFLvRZeuESIIEDlrmFbHtEClyuZ2fxLVn 4CccZycsm0b552w8Uvl9+S/JipO76YyTsfEyxD3txCLt2X3thMRXW9qyU0fQ YaCelbARUTl3ZdmOQHyY37hZwBWoSJSr0LLhVRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rJzeaq0/K2sFUOyhrR1PtqKxdTLWLsqb2Uq2dM fWIoqFH9F5aIfbnif0KMcaGGJe9LPMeVliZZYvMsMlmURZVDpsHDivAaB54U wFokPZ2+oZBIYmD9/kFiYW2OulAWztVXBS4S9RCenP+8vG8vKJmVkFuZDMW7 fIQrBqnnabdbtpvn1u7zWJAroIn4CnYAjZ4AXbBa3AMugCDD+Az+AK+1j7Vv tW+135co8tLRcxjMLdqP/8A7R8mdQ==</latexit><latexit sha1_base64="oGtoAOnbL GfO3Ka/8SYnBw1MW6I=">AAAF/3icrZRNb9MwGMe9scIoL9vgyMUimjSkrm0 6JDjuhQMS2jQmuk1rSuU4TmMaO5Ht0FVeDnwDrvAFuCGufBTOfBGcLKNt0ht YSvLk+f+eF9nW48Yhlard/rW0fGuldvvO6t36vfsPHq6tbzw6lVEiMOniKIz EuYskCSknXUVVSM5jQRBzQ3Lmjg4y/ewjEZJG/J2axKTP0JBTn2KkjOvUUSg ZHA3WrXaznS9YNezCsECxjgcbK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4WbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzZkIohMRFeg3m+MG14pn4WIMsVM+cirZco/2Vf Ux4ninB83b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3Z8vAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWq9EFLvRZeuESIIEDlrmFbHtEClyuZ2fxLVn 4CccZycsm0b552w8Uvl9+S/JipO76YyTsfEyxD3txCLt2X3thMRXW9qyU0fQ YaCelbARUTl3ZdmOQHyY37hZwBWoSJSr0LLhVRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rJzeaq0/K2sFUOyhrR1PtqKxdTLWLsqb2Uq2dM fWIoqFH9F5aIfbnif0KMcaGGJe9LPMeVliZZYvMsMlmURZVDpsHDivAaB54U wFokPZ2+oZBIYmD9/kFiYW2OulAWztVXBS4S9RCenP+8vG8vKJmVkFuZDMW7 fIQrBqnnabdbtpvn1u7zWJAroIn4CnYAjZ4AXbBa3AMugCDD+Az+AK+1j7Vv tW+135co8tLRcxjMLdqP/8A7R8mdQ==</latexit><latexit sha1_base64="oGtoAOnbL GfO3Ka/8SYnBw1MW6I=">AAAF/3icrZRNb9MwGMe9scIoL9vgyMUimjSkrm0 6JDjuhQMS2jQmuk1rSuU4TmMaO5Ht0FVeDnwDrvAFuCGufBTOfBGcLKNt0ht YSvLk+f+eF9nW48Yhlard/rW0fGuldvvO6t36vfsPHq6tbzw6lVEiMOniKIz EuYskCSknXUVVSM5jQRBzQ3Lmjg4y/ewjEZJG/J2axKTP0JBTn2KkjOvUUSg ZHA3WrXaznS9YNezCsECxjgcbK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4WbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzZkIohMRFeg3m+MG14pn4WIMsVM+cirZco/2Vf Ux4ninB83b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3Z8vAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWq9EFLvRZeuESIIEDlrmFbHtEClyuZ2fxLVn 4CccZycsm0b552w8Uvl9+S/JipO76YyTsfEyxD3txCLt2X3thMRXW9qyU0fQ YaCelbARUTl3ZdmOQHyY37hZwBWoSJSr0LLhVRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rJzeaq0/K2sFUOyhrR1PtqKxdTLWLsqb2Uq2dM fWIoqFH9F5aIfbnif0KMcaGGJe9LPMeVliZZYvMsMlmURZVDpsHDivAaB54U wFokPZ2+oZBIYmD9/kFiYW2OulAWztVXBS4S9RCenP+8vG8vKJmVkFuZDMW7 fIQrBqnnabdbtpvn1u7zWJAroIn4CnYAjZ4AXbBa3AMugCDD+Az+AK+1j7Vv tW+135co8tLRcxjMLdqP/8A7R8mdQ==</latexit><latexit sha1_base64="oGtoAOnbL GfO3Ka/8SYnBw1MW6I=">AAAF/3icrZRNb9MwGMe9scIoL9vgyMUimjSkrm0 6JDjuhQMS2jQmuk1rSuU4TmMaO5Ht0FVeDnwDrvAFuCGufBTOfBGcLKNt0ht YSvLk+f+eF9nW48Yhlard/rW0fGuldvvO6t36vfsPHq6tbzw6lVEiMOniKIz EuYskCSknXUVVSM5jQRBzQ3Lmjg4y/ewjEZJG/J2axKTP0JBTn2KkjOvUUSg ZHA3WrXaznS9YNezCsECxjgcbK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4WbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzZkIohMRFeg3m+MG14pn4WIMsVM+cirZco/2Vf Ux4ninB83b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3Z8vAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWq9EFLvRZeuESIIEDlrmFbHtEClyuZ2fxLVn 4CccZycsm0b552w8Uvl9+S/JipO76YyTsfEyxD3txCLt2X3thMRXW9qyU0fQ YaCelbARUTl3ZdmOQHyY37hZwBWoSJSr0LLhVRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rJzeaq0/K2sFUOyhrR1PtqKxdTLWLsqb2Uq2dM fWIoqFH9F5aIfbnif0KMcaGGJe9LPMeVliZZYvMsMlmURZVDpsHDivAaB54U wFokPZ2+oZBIYmD9/kFiYW2OulAWztVXBS4S9RCenP+8vG8vKJmVkFuZDMW7 fIQrBqnnabdbtpvn1u7zWJAroIn4CnYAjZ4AXbBa3AMugCDD+Az+AK+1j7Vv tW+135co8tLRcxjMLdqP/8A7R8mdQ==</latexit>
⌧E
<latexit sha1_base64="UcyDgTicV 3m35QH+riR5FNeTnfc=">AAAF/3icrZRNb9MwGMe9scIobxscuVhEk4bUtU2 HBMe9gISENo2JbtOaUjmO05jGTmQ7dJWXA9+AK3wBbogrH4UzXwQny2ib9Aa Wkjx5/r/nRbb1uHFIpWq3fy0t31ip3by1ert+5+69+w/W1h+eyCgRmHRxFEb izEWShJSTrqIqJGexIIi5ITl1R/uZfvqRCEkj/k5NYtJnaMipTzFSxnXiKJQ MXg3WrHaznS9YNezCsECxjgbrK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4UbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzRkIohMRFeg3m+MG14pn4WIMsVM+cirZco/0Vf Ux4ninB81b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3ZsvAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWi9FFLvRReuYSIIEDlrmFbGtEClysZWfxJVn 4CccZycsm0b552w8Uvl9+S/JipO77oyTsfEyxD3txCLt2X3thMRXm9qyU0fQ YaCelrARUTl3admOQHyY37hZwBWoSJSr0LLhZRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rx9eaq4/L2v5U2y9rh1PtsKydT7XzsqZ2U62dM fWIoqFH9G5aIfbmib0KMcaGGJe9LPMeVFiZZYvMsMlmURZVDpsHDirAaB54U wFokPa2+4ZBIYmD9/kFiYW2OulAW9tVXBS4S9RCemP+8vG8vKJmVkFuZDMW7 fIQrBonnabdbtpvn1k7zWJAroLH4AnYBDZ4DnbAa3AEugCDD+Az+AK+1j7Vv tW+135coctLRcwjMLdqP/8AutkmbA==</latexit><latexit sha1_base64="UcyDgTicV 3m35QH+riR5FNeTnfc=">AAAF/3icrZRNb9MwGMe9scIobxscuVhEk4bUtU2 HBMe9gISENo2JbtOaUjmO05jGTmQ7dJWXA9+AK3wBbogrH4UzXwQny2ib9Aa Wkjx5/r/nRbb1uHFIpWq3fy0t31ip3by1ert+5+69+w/W1h+eyCgRmHRxFEb izEWShJSTrqIqJGexIIi5ITl1R/uZfvqRCEkj/k5NYtJnaMipTzFSxnXiKJQ MXg3WrHaznS9YNezCsECxjgbrK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4UbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzRkIohMRFeg3m+MG14pn4WIMsVM+cirZco/0Vf Ux4ninB81b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3ZsvAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWi9FFLvRReuYSIIEDlrmFbGtEClysZWfxJVn 4CccZycsm0b552w8Uvl9+S/JipO77oyTsfEyxD3txCLt2X3thMRXm9qyU0fQ YaCelrARUTl3admOQHyY37hZwBWoSJSr0LLhZRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rx9eaq4/L2v5U2y9rh1PtsKydT7XzsqZ2U62dM fWIoqFH9G5aIfbmib0KMcaGGJe9LPMeVFiZZYvMsMlmURZVDpsHDirAaB54U wFokPa2+4ZBIYmD9/kFiYW2OulAW9tVXBS4S9RCemP+8vG8vKJmVkFuZDMW7 fIQrBonnabdbtpvn1k7zWJAroLH4AnYBDZ4DnbAa3AEugCDD+Az+AK+1j7Vv tW+135coctLRcwjMLdqP/8AutkmbA==</latexit><latexit sha1_base64="UcyDgTicV 3m35QH+riR5FNeTnfc=">AAAF/3icrZRNb9MwGMe9scIobxscuVhEk4bUtU2 HBMe9gISENo2JbtOaUjmO05jGTmQ7dJWXA9+AK3wBbogrH4UzXwQny2ib9Aa Wkjx5/r/nRbb1uHFIpWq3fy0t31ip3by1ert+5+69+w/W1h+eyCgRmHRxFEb izEWShJSTrqIqJGexIIi5ITl1R/uZfvqRCEkj/k5NYtJnaMipTzFSxnXiKJQ MXg3WrHaznS9YNezCsECxjgbrK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4UbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzRkIohMRFeg3m+MG14pn4WIMsVM+cirZco/0Vf Ux4ninB81b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3ZsvAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWi9FFLvRReuYSIIEDlrmFbGtEClysZWfxJVn 4CccZycsm0b552w8Uvl9+S/JipO77oyTsfEyxD3txCLt2X3thMRXm9qyU0fQ YaCelrARUTl3admOQHyY37hZwBWoSJSr0LLhZRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rx9eaq4/L2v5U2y9rh1PtsKydT7XzsqZ2U62dM fWIoqFH9G5aIfbmib0KMcaGGJe9LPMeVFiZZYvMsMlmURZVDpsHDirAaB54U wFokPa2+4ZBIYmD9/kFiYW2OulAW9tVXBS4S9RCemP+8vG8vKJmVkFuZDMW7 fIQrBonnabdbtpvn1k7zWJAroLH4AnYBDZ4DnbAa3AEugCDD+Az+AK+1j7Vv tW+135coctLRcwjMLdqP/8AutkmbA==</latexit><latexit sha1_base64="UcyDgTicV 3m35QH+riR5FNeTnfc=">AAAF/3icrZRNb9MwGMe9scIobxscuVhEk4bUtU2 HBMe9gISENo2JbtOaUjmO05jGTmQ7dJWXA9+AK3wBbogrH4UzXwQny2ib9Aa Wkjx5/r/nRbb1uHFIpWq3fy0t31ip3by1ert+5+69+w/W1h+eyCgRmHRxFEb izEWShJSTrqIqJGexIIi5ITl1R/uZfvqRCEkj/k5NYtJnaMipTzFSxnXiKJQ MXg3WrHaznS9YNezCsECxjgbrK78dL8IJI1zhEEnZs9ux6mskFMUhSetOIkm M8AgNSc+YHDEi+zpvN4UbxuNBPxLm4Qrm3tkIjZiUE+Y2IMIi4hNmjMJjvlmM nErGw5AKGjOEClhjKFAcUHzRkIohMRFeg3m+MG14pn4WIMsVM+cirZco/0Vf Ux4ninB81b6fhFBFMNtR6FFBsAonxjBNUbMDEAdIIKzMvtc3ZsvAv91A6ecF 6/WFutnBvKBudaXJ0mIkEB7yWi9FFLvRReuYSIIEDlrmFbGtEClysZWfxJVn 4CccZycsm0b552w8Uvl9+S/JipO77oyTsfEyxD3txCLt2X3thMRXm9qyU0fQ YaCelrARUTl3admOQHyY37hZwBWoSJSr0LLhZRXJ03TmKWh14OKc1Eu1Y1pWP BIMhdr8l4iIE4Nkx+r62i6rx9eaq4/L2v5U2y9rh1PtsKydT7XzsqZ2U62dM fWIoqFH9G5aIfbmib0KMcaGGJe9LPMeVFiZZYvMsMlmURZVDpsHDirAaB54U wFokPa2+4ZBIYmD9/kFiYW2OulAW9tVXBS4S9RCemP+8vG8vKJmVkFuZDMW7 fIQrBonnabdbtpvn1k7zWJAroLH4AnYBDZ4DnbAa3AEugCDD+Az+AK+1j7Vv tW+135coctLRcwjMLdqP/8AutkmbA==</latexit>
nE
<latexit sha1_base64="iuahE792S Zr8XCoJEhD9EXZG6jE=">AAAGB3icrZTdbtMwGIY9WGGUvw0OObGIJg2pa5s OCQ73AxIS2jQmuk1ruspxnMZq7ES2Q1d5uQDugFO4Ac4Qp1wGx9wITpatbdI zsNT26/s+349sy24cUqna7d9Lt24v1+7cXblXv//g4aPHq2tPjmWUCEy6OAo jceoiSULKSVdRFZLTWBDE3JCcuKO9zD/5RISkEf+oJjHpMzTk1KcYKSOdO5E xs1zN08HbwarVbrbzBauBXQQWKNbhYG35j+NFOGGEKxwiKXt2O1Z9jYSiOCR p3UkkiREeoSHpmZAjRmRf52OncN0oHvQjYT5cwVydzdCISTlhbgMiLCI+YSYo FPOb5cipZRSGVNCYIVTAGkOB4oDii4ZUDImJ8BrM84UZwzP9swRZ7piJi7xe ovzXfU15nCjC8dX4fhJCFcFsZ6FHBcEqnJjADEXNDkAcIIGwMvtfX59tA2+m gdLPG9brC32zg3lD3epKU6XFSCA85LXeiCh2o4vWEZEECRy0zFfENkOkyMVm fhJXysBPOM5OWjaN88/VeKTye/NfihUndz0ZJ2OjMsQ97cQi7dl97YTEVxva slNH0GGgXpSwEVE5d2nZjkB8mN+4WcAVqCiUu9Cy4WUVyct05ilodeDimtRLt WNGVjwSDIXa/C8REScGyY7V9bVddo+uPVcflb29qbdX9g6m3kHZO5t6Z2VP7 aRaO2PqEUVDj+idtELszhO7FWKMDTEuqyxT9yuszKrdvCvjSjE2D+xXgNE88 L4C0CDtbfUNg0ISB+f5BYmFtjrpQFtbVVwUuEvUQnp9/vLxvL2i5q2C3NjmW bTLj2A1OO407XbT/vDS2m4WD+QKeAaegw1gg1dgG7wDh6ALMBDgC/gKvtU+1 77XftR+XqG3loqcp2Bu1X79BbGFKjw=</latexit><latexit sha1_base64="iuahE792S Zr8XCoJEhD9EXZG6jE=">AAAGB3icrZTdbtMwGIY9WGGUvw0OObGIJg2pa5s OCQ73AxIS2jQmuk1ruspxnMZq7ES2Q1d5uQDugFO4Ac4Qp1wGx9wITpatbdI zsNT26/s+349sy24cUqna7d9Lt24v1+7cXblXv//g4aPHq2tPjmWUCEy6OAo jceoiSULKSVdRFZLTWBDE3JCcuKO9zD/5RISkEf+oJjHpMzTk1KcYKSOdO5E xs1zN08HbwarVbrbzBauBXQQWKNbhYG35j+NFOGGEKxwiKXt2O1Z9jYSiOCR p3UkkiREeoSHpmZAjRmRf52OncN0oHvQjYT5cwVydzdCISTlhbgMiLCI+YSYo FPOb5cipZRSGVNCYIVTAGkOB4oDii4ZUDImJ8BrM84UZwzP9swRZ7piJi7xe ovzXfU15nCjC8dX4fhJCFcFsZ6FHBcEqnJjADEXNDkAcIIGwMvtfX59tA2+m gdLPG9brC32zg3lD3epKU6XFSCA85LXeiCh2o4vWEZEECRy0zFfENkOkyMVm fhJXysBPOM5OWjaN88/VeKTye/NfihUndz0ZJ2OjMsQ97cQi7dl97YTEVxva slNH0GGgXpSwEVE5d2nZjkB8mN+4WcAVqCiUu9Cy4WUVyct05ilodeDimtRLt WNGVjwSDIXa/C8REScGyY7V9bVddo+uPVcflb29qbdX9g6m3kHZO5t6Z2VP7 aRaO2PqEUVDj+idtELszhO7FWKMDTEuqyxT9yuszKrdvCvjSjE2D+xXgNE88 L4C0CDtbfUNg0ISB+f5BYmFtjrpQFtbVVwUuEvUQnp9/vLxvL2i5q2C3NjmW bTLj2A1OO407XbT/vDS2m4WD+QKeAaegw1gg1dgG7wDh6ALMBDgC/gKvtU+1 77XftR+XqG3loqcp2Bu1X79BbGFKjw=</latexit><latexit sha1_base64="iuahE792S Zr8XCoJEhD9EXZG6jE=">AAAGB3icrZTdbtMwGIY9WGGUvw0OObGIJg2pa5s OCQ73AxIS2jQmuk1ruspxnMZq7ES2Q1d5uQDugFO4Ac4Qp1wGx9wITpatbdI zsNT26/s+349sy24cUqna7d9Lt24v1+7cXblXv//g4aPHq2tPjmWUCEy6OAo jceoiSULKSVdRFZLTWBDE3JCcuKO9zD/5RISkEf+oJjHpMzTk1KcYKSOdO5E xs1zN08HbwarVbrbzBauBXQQWKNbhYG35j+NFOGGEKxwiKXt2O1Z9jYSiOCR p3UkkiREeoSHpmZAjRmRf52OncN0oHvQjYT5cwVydzdCISTlhbgMiLCI+YSYo FPOb5cipZRSGVNCYIVTAGkOB4oDii4ZUDImJ8BrM84UZwzP9swRZ7piJi7xe ovzXfU15nCjC8dX4fhJCFcFsZ6FHBcEqnJjADEXNDkAcIIGwMvtfX59tA2+m gdLPG9brC32zg3lD3epKU6XFSCA85LXeiCh2o4vWEZEECRy0zFfENkOkyMVm fhJXysBPOM5OWjaN88/VeKTye/NfihUndz0ZJ2OjMsQ97cQi7dl97YTEVxva slNH0GGgXpSwEVE5d2nZjkB8mN+4WcAVqCiUu9Cy4WUVyct05ilodeDimtRLt WNGVjwSDIXa/C8REScGyY7V9bVddo+uPVcflb29qbdX9g6m3kHZO5t6Z2VP7 aRaO2PqEUVDj+idtELszhO7FWKMDTEuqyxT9yuszKrdvCvjSjE2D+xXgNE88 L4C0CDtbfUNg0ISB+f5BYmFtjrpQFtbVVwUuEvUQnp9/vLxvL2i5q2C3NjmW bTLj2A1OO407XbT/vDS2m4WD+QKeAaegw1gg1dgG7wDh6ALMBDgC/gKvtU+1 77XftR+XqG3loqcp2Bu1X79BbGFKjw=</latexit><latexit sha1_base64="iuahE792S Zr8XCoJEhD9EXZG6jE=">AAAGB3icrZTdbtMwGIY9WGGUvw0OObGIJg2pa5s OCQ73AxIS2jQmuk1ruspxnMZq7ES2Q1d5uQDugFO4Ac4Qp1wGx9wITpatbdI zsNT26/s+349sy24cUqna7d9Lt24v1+7cXblXv//g4aPHq2tPjmWUCEy6OAo jceoiSULKSVdRFZLTWBDE3JCcuKO9zD/5RISkEf+oJjHpMzTk1KcYKSOdO5E xs1zN08HbwarVbrbzBauBXQQWKNbhYG35j+NFOGGEKxwiKXt2O1Z9jYSiOCR p3UkkiREeoSHpmZAjRmRf52OncN0oHvQjYT5cwVydzdCISTlhbgMiLCI+YSYo FPOb5cipZRSGVNCYIVTAGkOB4oDii4ZUDImJ8BrM84UZwzP9swRZ7piJi7xe ovzXfU15nCjC8dX4fhJCFcFsZ6FHBcEqnJjADEXNDkAcIIGwMvtfX59tA2+m gdLPG9brC32zg3lD3epKU6XFSCA85LXeiCh2o4vWEZEECRy0zFfENkOkyMVm fhJXysBPOM5OWjaN88/VeKTye/NfihUndz0ZJ2OjMsQ97cQi7dl97YTEVxva slNH0GGgXpSwEVE5d2nZjkB8mN+4WcAVqCiUu9Cy4WUVyct05ilodeDimtRLt WNGVjwSDIXa/C8REScGyY7V9bVddo+uPVcflb29qbdX9g6m3kHZO5t6Z2VP7 aRaO2PqEUVDj+idtELszhO7FWKMDTEuqyxT9yuszKrdvCvjSjE2D+xXgNE88 L4C0CDtbfUNg0ISB+f5BYmFtjrpQFtbVVwUuEvUQnp9/vLxvL2i5q2C3NjmW bTLj2A1OO407XbT/vDS2m4WD+QKeAaegw1gg1dgG7wDh6ALMBDgC/gKvtU+1 77XftR+XqG3loqcp2Bu1X79BbGFKjw=</latexit>
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Figure 4. Experimental setup for our protocol.
Furthermore,
H(X|Em)τ = H(X)τ − I(X;Em)τ = logmx − I(X;Em)τ .
(64)
Note now that
I(X;Em)τ = D(τXEm‖τX ⊗ τEm) (65)
6 D
(
τXEm‖τX ⊗ ρ0Em
)
(66)
=
1
mx
mx∑
x=1
D
(
τxEm‖ρ0Em
)
. (67)
Since ηx satisfies the condition in (60) by (53), We can
apply Theorem 4 to obtain
D
(
τxEm‖ρ0Em
)
6 D
(
τ˜xQmx‖ρ˜0Qmx
)
+ log (1− ηx) . (68)
Combining the above inequalities, we obtain the result.
C. Example
We present here an experimental setup over which our
proposed scheme could be executed. As illustrated in
Fig. 4, Alice’s transmitter is a laser whose output is a
single-mode bosonic system. The idle state is |0〉 and we
choose a coherent state |α〉 as the non-idle state. The
probe and the honest channel are both beam-splitters
with transmissivity τE and τN , respectively, and excess
noise nE and nN , respectively. In Fig. 5, we plot the num-
ber of bits per PPM symbol versus τN for τE = 0.9994,
α = 0.6, nE = 11, and nN = 0.01. For these parameters,
we also have χ2(E(|0〉〈0|)‖E(|α〉〈α|)) = 59881934, which
controls the covertness through Eq. (18).
Although the range of channel parameters highlighted
is narrow and the efficiency is very low, this example
shows the possibility of covert QKD in settings not en-
visioned earlier . One can certainly improve the perfor-
mance of the protocol by developing tighter bound for
Eve’s information, which we leave out for future investi-
gations.
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Figure 5. Achievable number of key bits per PPM symbol.
Appendix A: Proof of Theorem 1
We first prove a quantum counterpart of [27, Lemma
2.2].
Lemma 1. Let ρAB be a bipartite state and EA→AF be
a quantum channel. We then have
I(A;B)ρ > I(A;B|F )ρ′ , (A1)
where ρ′ABF , (EA→AF ⊗ idB)(ρAB).
Proof. We have
I(A;B|F )ρ′ = H(B|F )ρ′ −H(B|FA)ρ′ (A2)
(a)
6 H(B)ρ′ −H(B|FA)ρ′ (A3)
= I(AF ;B)ρ′ (A4)
= D(ρ′ABF ‖ρ′AF ⊗ ρ′) (A5)
(b)
6 D(ρAB‖ρA ⊗ ρB) = I(A;B)ρ, (A6)
where (a) follows from the sub-additivity of the von Neu-
mann entropy, and (b) follows from the data processing
inequality.
Proof of Theorem 1. Let σ˜AQn be the state initially pre-
pared by Alice such that
∥∥σ˜Qn − |0〉〈0|⊗n∥∥1 6 µ. We
then have
F (σ˜Qn , |0〉〈0|⊗n) > 1− µ. (A7)
Let σ˜RAQn be a purification of σ˜AQn . By Uhlmann’s
theorem, there exists a unit vector |φ〉RA such that
F (σ˜RAQn , φRA ⊗ |0〉〈0|⊗n) > 1− µ. (A8)
Let τ˜AQn , trR (|φ〉〈φ|RA) ⊗ |0〉〈0|⊗n and τCSASBEn be
the output of the same protocol if Alice initially pre-
pares τ˜AQn instead of σ˜AQn . By monotonicity of the
fidelity, we have F (τ˜AQn , σ̂AQn) > 1 − µ, and therefore,
8‖τ˜AQn − σ˜AQn‖1 6
√
µ. By the data processing inequal-
ity, we also have ‖τCSASBEn − σCSASBEn‖1 6
√
µ. This
implies that P(SA 6= SB)τ 6  +
√
µ. By [28, Exercise
11.10.2], we also have
I(SA;C)τ (A9)
6 I(SA;C)σ + 3
√
µK + 2(1 +
√
µ)Hb
( √
µ
1 +
√
µ
)
(A10)
(a)
6 δ (K + log dimHC) + 3√µK
+ 2(1 +
√
µ)Hb
( √
µ
1 +
√
µ
)
, (A11)
where (a) follows from
D
(
ρSAC‖ρunifSA ⊗ ρC
)
6
∥∥ρSAC − ρunifSA ⊗ ρC∥∥1 (K + log dimHC) . (A12)
By Fannnes’s inequality,
H(SA)σ 6 H(SA)τ +
√
µK +Hb (
√
µ) . (A13)
Note that
K = H(SA)σ + D
(
σSA‖ρunifSA
)
(A14)
6 H(SA)σ + δ (K + log dimHC) (A15)
6 H(SA)τ +
√
µK +Hb (
√
µ) + δ (K + log dimHC) .
(A16)
We furthermore have
H(SA)τ = H(SA|C)τ + I(SA;C)τ (A17)
6 H(SA|C)τ + δ (K + log dimHC)
+ 3
√
µK + 2(1 +
√
µ)Hb
( √
µ
1 +
√
µ
)
. (A18)
Using Fano’s inequality, we obtain
H(SA|C)τ (A19)
6 I(SA;SB |C)τ +Hb (+
√
µ) + (+
√
µ)K (A20)
(a)
6 I(A;Qn)τ +Hb (+
√
µ) + (+
√
µ)K (A21)
(b)
6 I(A;Qn)τ˜ +Hb (+
√
µ) + (+
√
µ)K (A22)
(c)
= Hb (+
√
µ) + (+
√
µ)K, (A23)
where (a) follows from using Lemma 1 for each use of
the public channel, (b) follows from data processing in-
equality, and (c) follows since τ˜AQn = τ˜A ⊗ τ˜Qn . Com-
bining (A16), (A18), and (A23), we obtain the desired
bound.
Appendix B: A Quantum Resolvability Result
We prove a quantum channel resolvability result based
on the privacy amplification result of [4]. Note that
we cannot use the standard quantum resolvability result
of [17] since it depends on the dimension of the output
space, which itself grows exponentially for v` 7→ ρv`Qn . We
first recall the definition of two-universal family of hash
functions.
Definition 1. Let X and Z be two finite non-empty sets.
A non-empty family of functions F from X to Z is called
two-universal if for all distinct x, x′ ∈ X , we have
1
|F|
∑
f∈F
1{f(x) = f(x′)} 6 1|Z| . (B1)
Moreover, F is called regular if for all f ∈ F and
all z ∈ Z, we have ∣∣f−1(z)∣∣ = |X ||Z| , where f−1(z) ,
{x ∈ X : f(x) = z}.
The next two results are well-known properties of two-
universal hash functions.
Proposition 1. Let X and Z be two non-empty finite
sets such that |X | is divisible by |Z|. There exists a two-
universal regular family of functions from X to Z.
Proof. All functions f with f−1(z) = |Z||X | form a two-
universal family of hash functions.
Proposition 2 ( [4]). Let ρXA be a cq state on HX ⊗
HA with respect to an orthonormal basis {|x〉 : x ∈ X}
for HX , and F be a two-universal family of functions
from X to Z. We then have
1
|F|
∑
f∈F
∥∥∥(EfX→Z ⊗ idA)(ρXA)− ρunifZ ⊗ ρA∥∥∥
1
6 inf
>0
[
2+ 2−
1
2 (H

min(X|A)ρ−log|Z|)
]
(B2)
We are now ready to establish the main result of
this section, which shows the existence of a resolvabil-
ity code. The classical counter-part of this result was
proved in [14].
Lemma 2. Let ρXA =
∑
x∈X
1
|X | |x〉〈x|⊗ρxA be a cq state
on HX ⊗HA. Let δ > 0, h be a positive integer such that
|X | is divisible by h and
log h > log |X | −H δ4min(X|A)ρ + 2 log
2
δ
. (B3)
For a regular two-universal family of hash functions F
from X to Z, we have
1
|F|
∑
f∈F
1
|Z|
∑
z∈Z
∥∥∥∥∥∥ρA − 1h
∑
x∈f−1(z)
ρxA
∥∥∥∥∥∥
1
6 δ. (B4)
In particular, there exists a function g : J1, hK→ X such
that ∥∥∥∥∥ρA − 1h
h∑
r=1
ρ
g(r)
A
∥∥∥∥∥
1
6 δ. (B5)
9Proof. Let us define Z , J1, |X |h K. By Proposition 1 and
Proposition 2,
1
|F|
∑
f∈F
∥∥∥(EfX→Z ⊗ idA)(ρXA)− ρunifZ ⊗ ρA∥∥∥
1
(B6)
6 inf
>0
[
2+ 2−
1
2 (H

min(X|A)ρ−log|Z|)
]
. (B7)
By definition of EfX→Z and ρXA, we have
(EfX→Z ⊗ idA)(ρXA) =
1
|X |
∑
x∈X
|f(x)〉〈f(x)| ⊗ ρxA (B8)
=
1
|Z|
∑
z∈Z
|z〉〈z| ⊗
 1
h
∑
x∈f−1(z)
ρxA
 .
(B9)
Therefore, we have∥∥∥(EfX→Z ⊗ idA)(ρXA)− ρunifZ ⊗ ρA∥∥∥
1
=
∥∥∥∥∥∥ 1|Z|
∑
z∈Z
|z〉〈z| ⊗
 1
h
∑
x∈f−1(z)
ρxA − ρA
∥∥∥∥∥∥
1
=
1
|Z|
∑
z∈Z
∥∥∥∥∥∥ 1h
∑
x∈f−1(z)
ρxA − ρA
∥∥∥∥∥∥
1
.
(B10)
Combining (B7) and (B10), we have for at least one z ∈
Z and at least one f ∈ F ,∥∥∥∥∥∥ 1h
∑
x∈f−1(z)
ρxA − ρA
∥∥∥∥∥∥
1
6 inf
>0
[
2+ 2−
1
2 (H

min(X|A)ρ−log|Z|)
]
(a)
= inf
>0
[
2+ 2−
1
2 (H

min(X|A)ρ+log h−log|X |)
] (a)
6 δ,
(B11)
where (a) follows from (B3). Taking a bijection g :J1, hK→ f−1(z) completes the proof.
Appendix C: Reducing public communication when
mv is a power of prime
In the next lemma, we show that under our symmetry
conditions on F and ρXA, the choice of z does not matter.
Lemma 3. Suppose that for all f ∈ F , z, z′ ∈ Z, there
exist a bijection φ : X → X and unitary U acting on HA
(depending on z, z′, and f) such that
φ(f−1(z)) = f−1(z′) (C1)
ρ
φ(x)
A = Uρ
x
AU
†. (C2)
We then have∥∥∥∥∥∥ 1h
∑
x∈f−1(z)
ρxA − ρA
∥∥∥∥∥∥
1
=
∥∥∥∥∥∥ 1h
∑
x∈f−1(z′)
ρxA − ρA
∥∥∥∥∥∥
1
. (C3)
Proof. Note that∥∥∥∥∥∥ 1h
∑
x∈f−1(z)
ρxA − ρA
∥∥∥∥∥∥
1
=
∥∥∥∥∥∥U
 1
h
∑
x∈f−1(z)
ρxA − ρA
U†
∥∥∥∥∥∥
1
(C4)
=
∥∥∥∥∥∥ 1h
∑
x∈f−1(z)
UρxAU
† − UρAU†
∥∥∥∥∥∥
1
(C5)
=
∥∥∥∥∥∥ 1h
∑
x∈f−1(z)
ρ
φ(x)
A − UρAU†
∥∥∥∥∥∥
1
(C6)
=
∥∥∥∥∥∥ 1h
∑
x∈f−1(z′)
ρxA − UρAU†
∥∥∥∥∥∥
1
.
(C7)
Moreover, we have
UρAU
† = U
(
1
|X |
∑
x∈X
ρxA
)
U† =
1
|X |
∑
x∈X
UρxAU
† (C8)
=
1
|X |
∑
x∈X
ρ
φ(x)
A (C9)
=
1
|X |
∑
x∈X
ρxA = ρA.
(C10)
Therefore, we obtain (C3).
When mv is a power of a prime, we provide an exam-
ple of two-universal hash functions satisfying the condi-
tions of Lemma 3. We assume in this paragraph only
that V = J0,mv − 1K to be consistent with the stan-
dard notation for finite fields. Note first that V` is
a field with component-wise addition modulo mv and
a multiplication operation denoted by . We use the
short-hand 0m for the all-zero sequence of length m
and ·|· for the concatenation of two sequences. For
k ∈ J1, `K and u` ∈ V`, let fu`(v`) be the first k ele-
ments of u`  v`. By [29], F = {fu` : u` ∈ V` \ {0`}} is
a regular two-universal class of hash functions. More-
over, for any u` ∈ V` \ {0}, zk, z′k ∈ Vk, we define
φ(v`) = ((z′k − zk)|0`−k) (u`)−1 + v`. We show that φ
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satisfies (C1) and (C2). Note that
φ
(
f−1
u`
(zk)
)
= φ
({
v` : ∃r`−k : zk|r`−k = u`  v`})
(C11)
=
{
v` + ((z′k − zk)|0`−k) (u`)−1 :
∃r`−k : zk|r`−k = u`  v`} (C12)
=
{
v` : ∃r`−k : zk|r`−k =
u`  (v` − ((z′k − zk)|0`−k) (u`)−1)
}
(C13)
=
{
v` : ∃r`−k : z′k|r`−k = u`  v`
}
(C14)
= f−1
u`
(z′k) (C15)
Furthermore, let UCS be the unitary operation on H⊗mQ
corresponding to cyclic shift of length 1, i.e., |φ1〉⊗ · · · ⊗
|φm〉 7→ |φm〉 ⊗ |φ1〉 ⊗ · · · |φm−1〉. By definition of d(x, v)
and ρv
`
Qn , we have
ρv
`+v′`
Qn =
(
U
v′1
CS ⊗ · · · ⊗ Uv
′
`
CS
)
ρv
`
Qn
(
U
v′1
CS ⊗ · · · ⊗ Uv
′
`
CS
)†
,
(C16)
where v`+v′` is modulo mv. We therefore conclude that
(C2) holds.
Appendix D: Proof of Theorem 4
To prove Theorem 4, we need the following tools.
Theorem 5. ([28, Theorem 12.1.1]) Let A and B be two
quantum systems. Let ρ0A and ρ
1
A be in D(HA) and N :
D(HA)→ D(HB) be a quantum channel. There exists a
quantum channel R : D(HB) → D(HA) (depending only
on N and ρ0A) such that
D
(
ρ1A‖ρ0A
)− D(N (ρ1A)‖N (ρ0A))
> − logF (ρ1A, (R ◦N )(ρ1A)) (D1)
and
(R ◦N )(ρ0A) = ρ0A. (D2)
Lemma 4. Let A and B be two quantum systems such
that A is a composition of two sub-systems A′ and A′′.
Let ρ0A and ρ
1
A be in D(HA) such that for two pure
states |φ0〉A′ and |φ1〉A′ in HA′ and a mixed state νA′′
in D(HA′′), we have C(φxA′ ⊗ νA′′ , ρxA) 6 δx. Let
N : D(HA) → D(HA) be a quantum channels such that
F (ρxA,N (ρxA)) > 1− x. We then have
F (E(ρ1A), E(ρ0A))
> ℵ(λ, F (φ1A′ , φ0A′))− 2
√
1− F (φ1A′ , φ0A′)δ − δ2, (D3)
where δ ,
∑
x δx, λ =
∑
x
√
x + 4
√
xδx + 4δ2x, E is a
complementary channel to N .
Proof. See Appendix D 1.
We are now ready to provide the proof of Theorem 4.
Proof. By Theorem 5, there exists a channel R : D(E)→
D(A) such that
D
(
ρ1A‖ρ0A
)− D(E(ρ1A)‖E(ρ0A)) > − logF (ρ1A, (R ◦ E)(ρ1A))
(D4)
(R ◦ E)(ρ0A) = ρ0A. (D5)
Let UA→BE be an isometric extension of N compatible
with E . LetWE→AF be an isometric extension ofR. The
isometry (1B⊗WE→AF )UA→BE is an isometric extension
of R ◦ E . Hence, the mapping
ρ 7→
trA
(
(1B ⊗WE→AF )UA→BEρ((1B ⊗WE→AF )UA→BE)†
)
(D6)
is a complementary channel of R ◦ E and
trAF
(
(1B ⊗WE→AF )UA→BEρ((1B ⊗WE→AF )UA→BE)†
)
= trE (UA→BEρUA→BE) = N (ρ) (D7)
Therefore, N is a degraded version of the complementary
channel of R ◦ E . Hence, by Lemma 4, we have
F (N (ρ1A),N (ρ0A)) > ℵ(λ′, F (φ1A′ , φ0A′))
− 2
√
1− F (φ1A′ , φ0A′)δ − δ2 (D8)
where
λ′ ,
∑
x
(1− F (ρxA,R(E(ρxA)))
+ 4
√
1− F (ρxA,R(E(ρxA)))δx + 4δ2x
) 1
2
(D9)
= 2δ0 +
(
1− F (ρ1A,R(E(ρ1A))
+4
√
1− F (ρ1A,R(E(ρ1A))δ1 + 4δ21
) 1
2
.
(D10)
By our assumption in (60), we have ℵ(λ, F (φ1A, φ0A)) >
ℵ(λ′, F (φ1A, φ0A)). Since ℵ(x, y) is decreasing in x for pos-
itive x, we have
λ′ > λ, (D11)
which yields that 1 − η > 1 − F (ρ1A,R(E(ρ1A)). Substi-
tuting this inequality in (D4) completes the proof of our
claim.
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1. Proof of Lemma 4
We first prove a “triangle” inequality for fidelity mea-
sure, which follows from the triangle inequality for C(·, ·).
Lemma 5. Let ρ, σ, ρ′, σ′ ∈ D(A) and let  , C(ρ, ρ′) +
C(σ, σ′). We then have
F (ρ, σ) > F (ρ′, σ′)− 2
√
1− F (ρ′, σ′)− 2. (D12)
Proof. By the triangle inequality for C(·, ·), we have
C(ρ, σ) 6 C(ρ′, σ′) + C(ρ, ρ′) + C(σ, σ′) = C(ρ′, σ′) + 
(D13)
This could be written as√
1− F (ρ, σ) 6
√
1− F (ρ′, σ′) + . (D14)
Therefore,
1− F (ρ, σ) 6 1− F (ρ′, σ′) + 2
√
1− F (ρ′, σ′) + 2,
(D15)
which yields the desired bound.
We now prove a result similar to Lemma 4 when ρ0A
and ρ1A are pure.
Lemma 6. Let A and B be finite dimensional quantum
systems such that A is a composition of two sub-systems
A′ and A′′. Let |φ0〉A′ and |φ1〉A′ be pure states in HA′
and νA′′ be a mixed state in D(HA′′). Let us define ρxA ,
φxA′ ⊗ νA′′ . Let V : HA → HA ⊗HB be an isometry and
define ψxAB , V ρxAV †. Let
 ,
∑
x
C(ψxA, ρ
x
A) (D16)
We then have
F (ψ1B , ψ
0
B) > ℵ(, F (φ1A′ , φ0A′)) (D17)
Proof. Let |ν〉RA′′ be a purification of νA′′ and define
|ψx〉RAB , 1R ⊗ V (|φx〉A′ ⊗ |ν〉A′′R) (which is consis-
tent with the definition of ψxAB). By Uhlmann’s theorem,
there exist isometries U0 and U1 from HR to HR ⊗HB
such that
C(ψxA, ρ
x
A) = C(ψ
x
ABR, φ
x
A′ ⊗ UxνA′′R(Ux)†) (D18)
Furthermore, note that
F (φ1A′ , φ
0
A′) (D19)
F = (φ1A′ ⊗ νA′′R, φ0A′ ⊗ νA′′R) (D20)
(a)
= F (ψ1ABR, ψ
0
ABR) (D21)
(b)
6 F (φ1A′ ⊗ U1νA′′R(U1)†, φ0A′ ⊗ U0νA′′R(U0)†)
+ 2
√
1− F (ψ1ABR, ψ0ABR)+ 2 (D22)
= F (φ1A′ ⊗ U1νA′′R(U1)†, φ0A′ ⊗ U0νA′′R(U0)†)
+ 2
√
1− F (φ1A, φ0A)+ 2 (D23)
= F (φ1A′ , φ
0
A′)F (U
1νA′′R(U
1)†, U0νA′′R(U0)†)
+ 2
√
1− F (φ1A, φ0A)+ 2, (D24)
where (a) follows since VA→AB is an isometry, and (b)
follows from Lemma 5 Therefore, we have
F (U1νA′′R(U
1)†, U0νA′′R(U0)†)
> 1− 2
√
1− F (φ1A, φ0A)+ 2
F (φ1A, φ
0
A)
(D25)
Using Lemma 5 again, we obtain
F (ψ1B , ψ
0
B) > F (U1νA′′R(U1)†, U0νA′′R(U0)†)
− 2
√
1− F (U1νA′′R(U1)†, U0νA′′R(U0)†)− 2
(D26)
> 1− 2
√
1− F (φ1A, φ0A)+ 2
F (φ1A, φ
0
A)
− 2
√
2
√
1− F (φ1A, φ0A)+ 2
F (φ1A, φ
0
A)
− 2
(D27)
= ℵ(, F (φ1A, φ0A)). (D28)
We now prove Lemma 4. Note that for
λ , C(φ0,N (φ0)) + C(φ1,N (φ1)), (D29)
we have
F (E(ρ1A), E(ρ0A)) (D30)
(a)
> F (E(φ1A), E(φ0A))− 2
√
1− F (E(φ1A), E(φ0A))δ − δ2
(D31)
> F (E(φ1A), E(φ0A))− 2
√
1− F (φ1A, φ0A)δ − δ2 (D32)
(b)
> ℵ(λ, F (φ1A, φ0A)),−2
√
1− F (φ1A, φ0A)δ − δ2, (D33)
12
where (a) follows from Lemma 5, and (b) follows from Lemma 6 Additionally, we have
F (φx,N (φx)) (D34)
> F (ρx,N (ρx))− 4
√
1− F (ρx,N (ρx))δx − 4δ2x (D35)
> 1− x − 4√xδx − 4δ2x, (D36)
for x = 0, 1. This implies that λ 6∑
x
√
x + 4
√
xδx + 4δ2x.
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